CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM
SOLVED WITH A DYNAMIC REGISTER MACHINE

Patterns and Repeating State Cycles SECTION 7

DEFINITION 7.1 Overlap Matching & Intersection Patterns

The notion of an overlap match expresses how a part or all of one pattern may match part or all of
another pattern. Let V and W be patterns. (V, s) overlap matches (W, f) if and only if
V(s +c) = W(t+ c¢) for each integer ¢ satisfying —L < ¢ < & such that £ = min{s, ¢t} and
R=min{|lV|-1-s, |[W|-1-¢t} where 0< s< |V and 0< ¢ < |W|. Theindex s is
called the head of pattern V and ¢ is called the head of pattern W. If V is also a subpattern,

then (V,s) submatches (W, 1).

If (V, s) overlap matches (W, ), then define the intersection pattern / with head u = £ as
Luw= V,s) N (W, t), where Ic)= Vic+s— L) for every integer c¢ satisfying

0 <c<(®+L where L=min{s,t} and £=min{|]V|-1-s, |W]-1—-1t}.

DEFINITION 7.2 Edge Pattern Substitution Operator

Consider pattern V'=v, v ... v,, pattern W=wy, w; ... w, with heads s, ¢ satisfying
0< 5, t < n and pattern P=py p; ... p, with head u satisfying 0 < u < m. Suppose
(P, u) overlap matches (V, s). Then define the edge pattern substitution operator @ as

E=P,u)® [(V,s) = (W, t)] according to the four different cases A., B., C. and D.

Case A.)) u>sand m—u >n—s Pol |- Pus| |- | Bu| ]| Putns DPm
Vo Vi e | Y R I
Wo | Wil | wgl| ... |w,
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E() Wk +s-u) when usk+s<u+n
- P(k) when O<k<u-s OR u+n-s<k < m

where the head of £ isu+¢ —s. Observe that |E|= m+1

CaseB.) wu>s and m—u < n-s

Po|P1]|--]|- -|Pus Rul| - - | Pm
Vo Vi e | X Vs+m-u Vn
Wo | Wi | .. o | W Wetm—u wy

E W(k +s-u) when u-s<ksn+s-u
B P(k) when O<sk<u-s

where the head of £ isu+¢ —s. Also, [E|=n+s—u+1

CaseC.)) u<sand m—u < n-s

Vo v o | Veu A Vs+m-u Vn
Wo | oo | Weyy | o0 o | Wy Wetm-u wy

E(k)=W(k) when 0<k< nandthehead of E is t. Also, |[E|=|W|=n+1.

CaseD.) wu<sand m—u >n-s

Do - Rul - | Putns e | P
Vo | voo | Ve | oo | oo | X Vi
Wo | oo | Wey we | . .| w,

E(k) P(k+u-s) when n<ksm+s—u
| ww when Os<ks=n

where the head of E ist. Also, |[E|=m+s —u+1

Overlap and intersection matching and edge pattern substitution will be quite useful in sections

7, 8 and 10.
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EXAMPLE 7.3 Overlap Matching and Edge Substitution
Set pattern P = 0101 110. Set pattern » = 11 0101. Set pattern W = 01 0010. Then
(P, 0) overlap matches (V, 2). Edge pattern substitution is well-defined  so

E=P,00®[(V,2)= (W,4)]= 01 0010 110. The head or index of pattern E =4.

Also, (P, 4) overlap matches (V,0). F=(P,4)®[(V,0)= (W, 4)]= 0101 010010. The

index of pattern F= u+¢t—s=4+4-0=28.

DEFINITION 7.4 State Cycle

Consider N execution steps of Turing Machine (Q, 4, n). After each execution step, the machine
is in some state ¢, and the tape head is pointing to some alphabet symbol a;. Relabeling the
indices of the states and the alphabet symbols if necessary and assuming the machine has not

halted after N execution steps in terms of the input commands is denoted as: (g0, ao) +H>
(g1, a1) — ... (gva1, av1) B (gn an). A state cycle is a valid execution sequence of

input commands such that the first and last input command in the sequence have the same state

ie. (g ar) B Qe a) = ... > (gv1, ayv1) B (g ar).  The length of this state cycle

equals the number of input commands minus one. A state cycle is called a prime state cycle if
it contains no proper state subcycles. For a prime state cycle, the length of the cycle equals the

number of distinct states in the sequence. For example, (2,0) — (3,1) > 4,0 —» (2,1)

is called a prime 3-state cycle because it has length 3 and also 3 distinct states {2, 3, 4}.

REMARK 7.5 Any prime state cycle has length < |Q|

This follows from the Dirichlet principle and the definition of a prime state cycle.
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REMARK 7.6 Maximum number of distinct prime state cycles
Given an alphabet 4 and states O, consider an arbitrary prime state cycle with length 1,

(g9, a) = (g, b). There are |Q| |4| choices for the first input command and |4| choices for the

second input command since the states must match. Thus, there are |Q| |4|* distinct prime state

cycles with length 1.

Similarly, consider a prime state cycle with window of execution whose length is 2, this can be

represented as (g1, a1) — (¢, a2) — (g1, b1). For tape head move sequence RL, it looks like:

ai a E

a

b

Then there are |Q| |A| choices for (g, a;) and once (g, a;) is chosen there is only one choice
for g, because it is completely determined by 1(qi, a1) = (q2, b1) where 1 is the program in

(0, 4, ). Similarly, there is only one choice for ;. There are |4| choices for a,. Thus, there

are |Q| |4 distinct choices.

For an arbitrary prime state cycle (g1, a;)) = (g2, @) — ... = (g @) — (q1, a+1) With

window of execution of length & then there are |Q||4| choices for (¢;, @;) and |4| choices for
a, since the current window of execution length after the first step increases by 1. There is only
one choice for ¢, because it is determined by 7(q,, a;). Similarly, for the jth computational
step, if the current window of execution length increases by 1, then there are |4| choices for
(gj+1, aj+1). Similarly, for the jth computational step, if the current window of execution stays
unchanged, then there is only one choice for a;;, that was determined by one of the previous j

computational steps. Thus, there are at most |Q| |4 distinct prime state cycles whose window
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of execution length equals £. Definitions 3.15 and remark 3.16 imply that a prime k-state

cycle has a window of execution length less than or equal to £. Thus, from the previous and 7.5,

101
there are at most  |Q] E A" distinct prime state cycles in (Q, 4, 7).
k=1

REMARK 7.7 Any state cycle contains a prime state cycle
PROOF. Relabeling if necessary let @q1, q1))=(q1, a1) = ... > (qn @) — (q1, a.,+1) be
a state cycle. If g, is the only state visited twice, then the proof is completed. Otherwise, define

u =min{ | &g q1) | - Aqr qr) 1s asubeycle of @q1,q1) }- Then u exists because

A4, q1) isasubeycle of g1, q). Claim: Any state cycle @g;, ¢) with &g, ¢j)| = u must
be a prime state cycle. Suppose not. Then there is a state r # g; that is visited twice in the state

cycle @g;, q). But then @q,, q,) is a cycle with length less than u which contradicts u’s

definition.

DEFINITION 7.8 Consecutive repeating state cycle for (Q, 4, 1)

If machine (Q, 4, i) starts execution and repeats a state cycle two consecutive times i.e.
(g, ) = ... > (Gw b)) > (@1, b)) > ... > (qu b)) = (q1, b)), then (0,4, n)

has a consecutive repeating state cycle.

DEFINITION 7.9 Execution node for (Q, 4, )

An execution node (or node) is a triplet 7% = [q, wo w; ... w,, t] for some state g in Q where

wo Wi ... w, is a pattern of n + 1 alphabet symbols each in A4 such that ¢ is a non-negative
integer satisfying 0 < ¢ < n. Intuitively, wo wy ... w, is the pattern of alphabet symbols on

n +1 consecutive tape squares on the tape and ¢ represents the location of the tape head.
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LEMMA 7.10 Every immortal periodic point induces a consecutive repeating state cycle.

PROOF. Suppose p is an immortal periodic point with period n. Then by the Turing-Affine
correspondence theorem the kth iterate of p is  fsuy fser) - - - fsop(p)  and the application of
affine function fgy corresponds to the execution of input command (g, bx). Thus, let the

input command sequence (¢, b)) — ... > (qu b)) — (qu+1, bur1) denote the first n input

commands that are executed. Since p has period n, fsu) ... fsw - - - fs;y@@) = p. Thus, (g1, b))

= (¢u+1, bp+1). Thus, the first n steps are a state cycle (g1, b1) — ... > (¢ b)) B (q1, by).

Since the n +1 computational step corresponds to applying fsi, to p which corresponds to
input command (gq;, b;). By induction, the ntk computational step corresponds to applying
function fs to the point fsu 1y . . . fsa)(p) which by the previous paragraph corresponds to the
execution of the input command (g, b;). Thus, the sequence of input commands is

(ql, bl) = ... B (qm b,,) o (ql, bl) = ... B (qn, bn) d (ql, bl)

LEMMA 7.11 Every consecutive repeating state cycle induces an immortal periodic orbit
Suppose Turing machine (Q, 4, 17) begins or resumes execution at some tape square and
repeats a state cycle two consecutive times. Then (Q, 4, 7) has an immortal periodic point and

this state cycle induces the immortal periodic point.

PROOF. Let the state cycle that is repeated two consecutive times be denoted as

(ql, b]) = ... (qn, bn) = (ql, bl) = ... (qn, bn) = (ql, bl) Let Sk denote the

tape square right before input command (g, b;) is executed the first time where 1< k < n.
Let # denote the tape square right before input command (g, b;) is executed the second time

where 1< k < n.
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Thus, the window of execution for the first repetition of the state cycle, right before input
command (gqq, by) is executed a second time, denoted I, = {s1, $2, . . ., Sk Si+1 - - « Su» Spt1}
where s,+1 = ;. The window of execution for the second repetition of the state cycle is

J,={ti, to, ..., ty b1} Wheret,yy = t,+ t1 — S,

Furthermore, observe that the window of execution for the computational steps 1 thru £ is
I, = {s1, 52, . .., Sk, Si+1} Where the tape square s;4; is indicated after input command (gy, by)
is executed the first time. Also, observe that the window of execution for the computational
steps nt+l thru ntk is Jy={t, b, ..., &, iy} Where the tape square #.; is indicated after the

input command (g, b;) is executed the second time (in the second repeating cycle).

Next a useful notation represents the tape patterns for each computational step. Then the proof

is completed using induction.

Let V; denote the tape pattern — which is the sequence of alphabet symbols in the tape squares
over the window of execution /, — right before input command (g4, b;) is executed the first
time. Thus, Vi(s1) =b;. Let V', denote the tape pattern — which is the sequence of alphabet
symbols in the tape squares over the window of execution [/, — right before input command

(91 br) is executed the first time. Thus, Vi(s;) = b;.

Let W, denote the tape pattern — which is the sequence of alphabet symbols in the tape squares
over the window of execution J, — right before input command (gi, b;) is executed the second
time. Thus, Wi(t;) = b;. Let W, denote the tape pattern — which is the sequence of alphabet
symbols in the tape squares over the window of execution J, — right before input command

(g by) 1s executed the second time. Thus, Wi(#) = by.
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Using induction, it is shown that V; on window of execution /, equals W, on window of

execution J,. This completes the proof.

Since (g, b;) is the input command before computational step 1 and (q;, b)) is the input
command before computational step n + 1, then Vi(s)) = b, = Wi(t)). Thus, V), restricted to

window of execution /; equals W; restricted to window of execution J;.

From the definition, 1(q;, b;) =1(q., a;, x) for some a; in 4 and where x equals L or R. Note

that L represents a left tape head move and R a right tape head move.

Case x=R. A right tape head move.

S1 S2
Vi by b,
Vs a; b
4 153
W1 Ql b2
w, a; b

Then s, =51+ 1, 6 =t +1 and Vi(so) = b, = Wi(t). It has already been observed that
Vi(sy) = by = Wi(t;). Thus, V] restricted to the window of execution I, equals W, restricted on
the window of execution J, Furthermore, the tape head is at s; right before computational step
1 and input command (g, b) is executed; the tape head is at #; right before computational step

n+1 and input command (qy, b;) is executed.

Also, Vs(s1) = a1 = Wi(t;) and Vi(sy) = by = Wi(t). Thus, V, restricted to the window of
execution /, equals W, restricted to the window of execution J, . Furthermore, the tape head is at
s, right before computational step 2 with input command (g5, b,) is executed; the tape head is

at t, right before computational step n+2 with input command (g,, b,) is executed.
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Case x=L. A left tape head move.

Sy 8
Vi by | b
V2 b2 a;
tz tl
W, b, | b
W, b ai

Then s, =s1—1, 6 =t,—1 and Vi(sy) = by = Wi(t,). And Vi(s1) = by = Wi(t1). Thus, V;
restricted to the window of execution [, equals W, restricted on the window of execution J,.
Furthermore, the tape head is at s, right before computational step 1 and input command
(g1, by) is executed; the tape head is at ¢ right before computational step n+1 and input

command (g, b)) is executed.

Also, Vi(s1) = a; = Wy(t)) and Vy(sy) = by, = Wi(t). Thus, V, restricted to the window of
execution /, equals W, restricted to the window of execution J, . Furthermore, the tape head is at
s, right before computational step 2 and input command (g, , b,) is executed; the tape head is at
t, right before computational step n+2 and input command (g5, b,) is executed. This completes

the base case of induction.

Induction Hypothesis. Suppose that for the 1, 2, ..., k— 1 computational steps and the

corresponding n+1, nt2, ..., n+ k-1 stepsthat forevery i with 1< i < k

* V; restricted to the window of execution [; equals W, restricted on the window of
execution J; ; V), restricted to the window of execution /; equals W, restricted on the
window of execution J;; and ... V; restricted to the window of execution /; equals W;

restricted on the window of execution J;.
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e Furthermore, the tape head is at s; right before computational step i and input command
(g, b;) 1is executed; the tape head is at ¢ right before computational step n +i and

input command (g;, b;) is executed.

Induction Step. Since (q;, b;) is the input command before computational step £ and before

computational step n + &, then Vi(sy) = by = Wi(ty).

From the definition, 1(q:, by) = n(qi+1, @, x) forsome a; in A4 and x equals L or R. Note

that L represents a left tape head move and R a right tape head move.

Case x=R. A right tape head move for computational steps k and 7 + £.

Sk Sk+1
Vi b | by
Vi ay_| bis
I e
Wi be | b
Wi ay_| bin

By the inductive hypothesis ¥} restricted to window of execution [, equals W, restricted to
window of execution J; and the only change to the tape and tape head after executing
(g br) = n(qi+1, ar, R) for the steps k and n + k£ is that Vi (sy) = ax = Wi(#) and

Vie1(Sg+1) = b1 = Wisa(tir1) and that the tape heads move right to s+ and 7. respectively.

Thus, V4 restricted to the window of execution /., equals W, restricted on the window of

execution Ji.;. And for each j satisfying 1 < j <k, then V; restricted to the window of

execution [, equals W, restricted on the window of execution J 4;.
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Case x=L. A left tape head move for computational steps k and n + £.

Ske1 - Sk
Vi b1 | b
Vk+1 Qkﬂ (273
Tev1 I
Wi bin | b
Wk+1 Qkﬂ ay

By the inductive hypothesis V) restricted to window of execution [, equals W, restricted to

window of execution J; and the only change to the tape and tape head

(g br) = n(qr+1, ar, L) for the steps k and n + k

after executing

is that Vi(sp) = ap = Win(t) and

Vi 1(Si+1) = b1 = Wi (ti+1) and that the tape heads move left to s, and 7. respectively.

Thus, V4 restricted to the window of execution /;;; equals W, restricted on the window of

execution Ji.

And for each j satisfying 1 <j <k, then V; restricted to the window of

execution /iy, equals W, restricted on the window of execution Jj ;.
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