CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM
SOLVED WITH A DYNAMIC REGISTER MACHINE

Immortal Orbit Theorem SECTION 4

The purpose of this section is to show that every immortal orbit, induced by an immortal Turing

configuration, has a subsequence that converges to an immortal periodic point.

THEOREM 4.1 Animmortal orbit has recurrent points.

PROOF. Let />0. Let f, f,, . . ., fi denote the | affine functions with corresponding unit

square domains W;, W5, W5, . . ., W,.  Let p be an immortal point. Then its orbit {p, fs1)(p),
[ [

fsofsy®@), - - - famfamy - - - fao fsy@), - - . } © [JWk. The area of |JWk equals I.
k=1 k=1

n

1
There exists a natural number N such that N < ﬁ Consider the first I(N*+ 1) points of this

orbit. Then at least N>+ 1 points of the orbit must lie in at least one of these unit squares W.

This implies that there are two points from the orbit in unit square Wy with the distance between
1
them less than or equal to N

DEFINITION 4.2 Cluster Point
Let { pn} :1=1 be a sequence of points and d a metric. The point q is a cluster point of {pn},_, if

for any / >0 and for any N, there exists m > N such that d(q, pm) < /.

DEFINITION 4.3 Immortal Points

|
Let UQ,A ")={p€E [UWk: p has an immortal orbit with respect to machine (Q, A, ") }

k=1

U is called the set of immortal points with respect to Turing machine (Q, A, ").
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THEOREM 4.4 |Immortal pointsare a closed set

Suppose Iirr; pn=Pp and for each n that p, lies in U(Q, A, ").
o

Then p is an immortal point.

PROOF. Since Iirr; P, = P a subsequence (, of p, may be constructed with the property that
o

1
d(g,, p) < E . This means the corresponding tape of p and the corresponding tape of g, are

the same for the first N symbols on the tape in both directions.

p

Tape Contents veo | by b | o by A la | ... | &y | ann
State with tape head at g, W

On

Tape Contents coo | Oy [ b | oo by Jala | ... | &y | G
State with tape head at a, W

By reductio absurdum, suppose p is not an immortal point. Then execution of (Q, A,m) on p
halts at the Nth execution step for some natural number N.  Since each computational step of
(Q, A, ) moves either one tape square to the left or to the right, this means that execution of
(Q, A, 1) on p must halt on some tape symbol a, or by such that K< N. Assuming execution
begins at tape square 0 or renumbering if necessary: this means that (Q, A, 1) starting at point p
must halt before moving to the right of tape square N or to the left of tape square — N. Consider
point Q. By assumption, Qno is immortal but the first N+2 execution steps of (Q, A, ) on
On+2 and p must be the same because their tape symbols agree in both directions for at least the
first N+2 tape squares. This is a contradiction: p halts on execution step N and gy., does not halt

on step N. Thus, p must be an immortal point.
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LEMMA 45 Every point in an immortal orbit and all cluster points lie in the interior of

|
UWk. Each point is a distance at least
k=1

from the boundary of every Wi.

PROOF. Consider a non-halting Turing machine execution. After every execution step, the
state in the machine configuration is not in a halting state, h and the tape’s range is in A. Further,
recall that #h) =0, #Aa,) =1, #aa)= |Al and #(q)=B- 1. If the tape contents of every

tape square is a;, this corresponds to X and Yy coordinates whose fractional parts are

1
B

1
1" n

= ﬁ_ . If the tape contents of every tape square is a,, which is the tape symbol with

1
B

the largest value with respect to #, then this corresponds to X and y coordinates whose fractional

1Al
parts are 1"31 =% Thus, the point p in the immortal orbit corresponding to each
B
- " 1 " 1
configuration has the property that ‘X( 0)] #X(p)$ % 5’ ‘y(p) #y(p)$ % 51
" B$1 A " B$1 A
Ix(p# s x(p)| % B3 IAL 191 g iy pyts (o) 06 BED g IAL_1O] -y

B$1 B$1 B$1 B$1 B$1 BS$1

1
any cluster point of the immortal orbit must be at least B 1 from the boundary of each W.

Before the main result is reached, it is helpful to do some elementary counting of finite tape
patterns (sequences) based on the finite alphabet A and the finite state set Q regardless of the

particular Turing machine program ! .

EXAMPLE 4.6 The alphabet A = {1, 2, 3}

S, = 12 is a particular 2-sequence where s, =1 and s, =2

L3323 2]t ][2]1]2]3]3]...]

The 2-sequence 12 occurs four times on the above tape. The 2-sequence 12 is non-overlapping.

The 3-sequence S;$S; = 123 occurs two times on the above tape.
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DEFINITION 4.7 Alphabet sequences
Suppose alphabet A= {a;, &), & ...,a,}. A Kk-sequence is a sequence of k symbols denoted as

SI$S ... S whereeach § liesin A.

DEFINITION 4.8 Overlapping and digoint tape sequences

Let Ty denote the alphabet symbol on the kth square of the Turing tape. Then Ty Ty ... Tp,
where K isan n—K+ 1 sequence of alphabet symbols. The two sequences T; Tj;; ... Ty and
T Tt ... Ty are disjoint if m<k OR n<j. Otherwise, they are called overlapping

sequences. Furthermore, overlapping sequences are distinct if j # kK OR m # n.

DEFINITION 4.9 Identical tape sequences
The two tape sequences T; Tjr; ... Ty and Ty Ty ... T, are identical if they are the same

length (i.e. n—k =m—j) and Ty =Tj,; foreach i satisfying 1 =i = n—K.

DEFINITION 4.10 Identical program execution up to B"
Two Turing machines M(Q;, A;, ";) and M,(Q,, A;, “,) have identical program execution up to
B" if there is an isomorphism " : M; — M, such that the following conditions hold:

(1) Both $ Q, — Q, and %A, — A, are bijective functions.

(2) " ("D=", suchthat " “,(q, a)=",(K0q), %B))

(3) Machine M, has tape head location j and machine M, has tape head location k.

4) " (Tjm) = TDm for every msuch that —n = m < n where T is the tape for M, and

I is the tape for M,.

(5) M, program execution is in state r and M, program execution is in state q.

6) & =aq
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Observe that the same machine can be identical to itself up to B" at two different steps in its

program execution.

EXAMPLE 4.11 Overlapping 3-sequences

Consider A= {0, 1} and sequence 000 001 010 011 100 101 110 111 a&a;. The
subsequence at the end, a,&,8;, repeats one of the previous 3-sequences. In a sequence of length
IA’ + 3 at least one 3-sequence is repeated. For example, in the following sequence of length

11 where ajaa; ... a;; = 0101 0011 101, observe that ay a3 a4 = & apay; = 101.

EXAMPLE 4.12 Distinct overlapping 2-sequences
In any sequence of length |A]” + 2, two distinct overlapping 2-sequences are repeated.

A=1{0,1} 0000

0001

00101

00100

001101

01000

01001

0101

011000

011001

0111
Duality of 0 and 1 for the remaining eight have corresponding repeats
as the first eight.

REMARK 4.13 Distinct overlapping n-sequences that are subsequences of any sequence of

length L = |A" +n implies that at least two subsequences are identical.

PROOF. Let ajaa; ... a_ be any alphabet sequence constructed from A. Define the set of
Nn-sequences S ={a. 8+ ...an: 0 =] =< |A"}. Allelements of S are subsequences of
aa3; ...a . By the definition of S there are |A"+ 1 distinct overlapping subsequences of
a;&,3; ...a. but the maximum number of non-identical n-sequences constructed from Ais |A".

Thus, at least two n-sequences must be identical.
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LEMMA 4.14 Distinct overlapping n-sequences that are subsequences of any sequence of

length L =mA]" +n implies that at least M1 subsequences are identical.

PROOF. Define S={ag:1a« ...a:n: 0 <] =< m|A" }. The rest of the proof is similar

to the proofin 4.13.

COROLLARY 4.15 Any Turing tape sequence of length L =|Q| |A" + n has at least one
n-sequence that occurs |Q + 1 times. In other words, the tape sequence has |Q| + 1 identical,
distinct, overlapping subsequences.

PROOF. This follows immediately from lemma 4.14 and definitions 4.7, 4.8 and 4.9.

THEOREM 4.16 If machine (Q, A, ") has an immortal configuration, then it has an immortal

periodic point.

PROOF. Let f, f,,...f; denote | affine functions with corresponding unit square domains

W, W, Wi, ..., W induced by a Turing machine (Q, A, ") where base B = |Q|+ |A|+ 1.
Let p=(x(q, k T), ¥, k, T)) for some immortal configuration (g, k, T) with respect to

(Q, A, ") . Then the orbit of p, [p, fg)(P), fsofs(@), - - ., famfamny .- fay fsn@), - - - 1,

1s an immortal orbit.

For convenience of notation, set Py =p, P = fq(P), P = ffsyP@), - . .,
Pm = famfsm - - - fso) fsi)(P), ... Define the set Q = {pc : k > 0} i.e. the immortal orbit
considered as a set instead of a sequence. If the immortal orbit [Py, P1, P25 - - -» Pms -..] 18
periodic, then we are done as we have an immortal periodic point. Otherwise, set Q contains an

infinite number of distinct points. From 4.1 using induction, we can construct a subsequence {S}
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of the immortal orbit such that d(S, Sc1) < % for every k. It follows that Iin; S,=z Thus, z
i

is a cluster point of subsequence {S} which is a subset of . And theorem 4.4 implies that zis

an immortal point.

By choosing appropriate elements from the subsequence {S} that converges to z there exists a
subsequence of the immortal orbit [Py, P1, P2, -- -5 Pm, -..] with the following properties:
A. }lm; z,=2
[

|
B. Forall n, z, € interior U\Nk and 2z € interior UVVi<
k=1 k=1

1
C. dz,2 < —
(z, 2) B

D. 2z = ry(z) where ry is the affine function that is the composition of the finite

sequence of functions mapping z, to Zy; in the immortal orbit.

Consider the sequence of squares [a,, bn, C,, d,] with center z, and sides with length

BTl
forn>1.
Cn dn
4
Bn—l Zn
an bn

From lemma 4.5, Z is in the interior of W, for some j. Set &= infimum{d(p,2):p&E W, }.

W2 _ #
POTE

Since z is in the interior, then & > 0. Thus, there is a natural number N such that >

Thus, forn > N this geometrically means that if zis in the square [a,, bp, C,, d,] then this
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whole square is a subset of W,.  Also, observe that

d(Zo, 1) =< d(Z, 2 + d(Z Zwy)

1 + L < 2 w21
Bn Bn+1 Bn B Bn#l
" W because B > 2.
rn(Cn) rn(ch)
Ch dn
= Z ¥
Zn+1
¥
Z®
an by
rn(@n) rn(bn)

The previous inequalities imply that z,.;, and z are in the interior of square [a,, bn, C, di]

since Zz, is at the center. Thus, square [&,, bn, C, dy] isasubsetof W, forn > N.

COVERING CONDITION.

, _ "B"™ 0 Y
CLAIM: If for some n > N, the linear part of at least one r, is of the form §0 .

B™&

or

" 1 0
B" 0 :/ for some m > 1, then ry([a, bn C, dy]) horizontally or vertically covers the

0 B"§

Square [ana bn: Cﬂa dn]

1

" 9
PROOF: In the case that r, is of the form % 0 *, recall that y(p) denotes the y coordinate

0 B"¢

of point p and X(p) denotes the X coordinate of point p.
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Condition A. in Definition 1.8

4 4B
>

7T 2 W where B > 2 and m > 1.

Thus, y(ru(C)) — Y(rn(@,)) = B”

Observe that Y(Zy.1) = % {Y(ro(@) )+ Y(ro(e) }.

4
Bn" 1

V

Thus, Y( () — YZm) = % (Y(ra@)) — Y(ro@)) } >

From above d(z, Z.,) < B::'l implies that y ( ry(a,) ) < y(a,) because y(C,) — y(a,) = %

The inequality y( rq(an) ) < Y(a,) satisfies condition A in definition 1.8.

Condition B. in Definition 1.8

Similarly, y( ry(dy) ) — Y( ra(bn) ) > ;nl?l where B > 2 and m > 1.

Observe that  Y(z,) = % 1y(ra(dn) ) + y(ra(on)) §.

4
Bn—l

Thus, y(ru(dn) ) — Y(Zw1) = % {y(rn(dy)) — y(rabn)) } >

1 . . 4
From above d(z, Z.) < 7T implies that y( ry(dy) ) > y(d,) because y(d,) —y(by) = BT

The inequality y( ry(dy) ) > y(d,) satisfies condition B in definition 1.8.

Condition C. in Definition 1.8

1 4

Observe that X( rp(by) ) — x(rn(an) ) = anET S gl where B > 2 and m > 1.

1
Bn"l :

And since X(Zyy) = % {x(rn(@) )+ X(rp(by) ) } then X(z.1) — X(rp(an) ) <

Thus, [ X(@n)) = X@Z) | < [X(ra(@) ) — X@) | + [ XZe) — X(Z) |

1.1 _ 2

Bn" 1 Bn—l Bn" 1

AN

Since X(Z)) — X(&,) = % then x(rn(a))) > x(a,) which satisfies condition C in 1.8
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Condition D. in Definition 1.8

Observe that X( rn(bn) ) — x(rn(an) ) = 14

B g < o where B > 2 and m > 1.

And since X(Zy1) = % {x(rn(@) )+ x(rp(by) ) } then x(ryby)) — X(Zp1) < B:rE,.l )

Thus, | X(ra(be)) — X(Z) | < [X(rabn)) = X(@Z0) | + [ XZee1) — X(Z) |

< b= 2

Bn 1 Bn 1 Bn—l :

Since x(b,) — X(z) = then X( rn(by) ) < x(b,) which satisfies condition D in 1.8.

Bn"l

m

. B .. ..
In the case where r,, is of the form ( 0 Cl) J, then conditions A., B., C., and D. of definition
B

1.10 are verified in a similar manner.

Thus, for this particular n > N, then ry has a fixed point in square [a,, b, C,, dy] € W. By
theorems 1.13 and 1.14, the vertical and horizontal covering fixed point theorems respectively,

I, has a fixed point which is an immortal periodic point.

" 9
Otherwise, for some M, for all n > M, the linear part of r, is the identity: %1) 0
1
44/2 #
Set U = maximum{M, N} where N was chosen above such that B?V/"—l < 5 Set

L =|Q[AY™Y + QU +1). Ifthereexistsn > L with ry(X y) = (X, ), the proof is completed.

Otherwise, from 2.26 and 2.29, the program execution is unbounded on the left of the tape or the

right of the tape or both. W.L.O.G. it is assumed that program execution is unbounded on the
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right. (The argument for unbounded on the left is similar.)

Thus, when n > L, then Zz, corresponds to the tape head being located at some position k, the
tape contents are fixed at least n symbols in both directions from the tape square k and the

machine is in some state ;. In other words, z, corresponds to

Tape Location k-=n| ... | k-3 | k-2 |k-1|k | k+l | k2| ... | ktn
Tape Contents b, | ...| bs b, | b |a| & & | ...| an
State (Tape head) ok

Since the program execution is unbounded on the right, for the next net L moves to the right on
the tape, consider the state  when the tape head is located at tape square k+ U +j for each |
suchthat 0< j < L. By lemma 4.14, there are |Q| + 1 distinct tape (2U + 1)-sequences that
are identical where the tape head lies at a distinct tape location that is in the middle of this
(2U + 1)-sequence. Since there are |Q| states, this means there are at least two of these
sequences that are identical and are also in the same state. Thus, there is an affine map r from the

one identical (2U + 1)-sequence (point V) to the other identical (2U + 1)-sequence (point w); in

n
m 0
L}

other words, r(v) =w where map r’s linear part is hyperbolic %0 (1) such thatm > 1.
B"

&

4
Let [a, by, c, dy] be the square with center v and side length equal to B_U . Thus,

1
r(vy =w and d(v, w) < ? implies that r( [ay, by, C,, dy] ) horizontally covers the square

[a, by, C, d]. By 114, r has a fixed point in [a, by, C,, dy] which is an immortal periodic

point.

The work in the previous proof yields a sharper result. In particular, if m,n > L, then z, and

Z, are identical up to B". Thus, the execution of the machine for the next net L tape head moves

Copyright © 2009 Michael Stephen Fiske 50



to the right are identical. Thus, the immortal orbit [p, fsi)(P),, ..., fsmfsmy) - - . fsoyfs(P), --.]

has a subsequence that converges to a periodic point in square [ay, by, C,, d,] with center V.
Also observe that 2.19, 2.21, and 4.4 imply that this immortal periodic point corresponds to an

immortal periodic configuration.

REMARK 4.17 By making each of the (2U + 1)-sequences in theorem 4.16 at least m tape

squares apart the horizontal covering rectangle or vertical covering rectangle can be made thinner

than &€ >0 where the periodic point lies inside the covering rectangle.
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