CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM
SOLVED WITH A DYNAMIC REGISTER MACHINE

Examples & Periodic Tape Patterns SECTION 3

EXAMPLE 3.1 Q={q,q, R A={#ab}

q | Tk | (4 T

Qo | # @, a R
Q| a (> & L)
Q| b (Go, b, L)
| # | (G b L)
a | a (a,a R
a| b (@i, b, R
o | # (h, #, R
®e|a | (haR
Q| b (h, b, R

The initial tape contents are all #’s. Formally, T(k) = # for every integer k. Base B = |Q|+ |A + 1= 7.

For this example, as defined in 2.8, the value function / : Al Q! {h} " N isdefined as

IM=0 1@=1 @=2 [®=3 [@=4 ![@=5 /@=6

In regard to the affine orbit and Turing Machine execution correspondence, the affine functions f; and unit
square domains W, the current Turing Machine state, tape head and tape are shown after each execution step.
The location of the tape head is indicated by underlining the tape symbol and placing the state of the machine

directly underneath this tape square.

fi(xy)=(7x" 49 y + 33 on Wi = [(8,29), (9,29),(9,30).(8,30)] p = (8%, 291
Tape Coordinate 0|1 |2]3]4|5]|]6]7]8
Tape Contents #HIH# |#|H|# | #|H#H|#|H#
State Jo

fis(xy) = (3x+16, 7y " 23) on Wis=[(8,37), (9,37).(9,38),(8.38) ] p = (8%, 37%)
Tape Coordinate 0112 |3]4|5|]6]7]8
Tape Contents #la|# |#|# | #|#|# | #
State (o}
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fa(xy)=(Ex+7, 7y - 175) on W, = [(17,29), (18,29),(18,30),(17,30)] p = (17, 29

Tape Coordinate 01 [2]3]4|5]|]6]7]8
Tape Contents #la |b|# | #|# | H#H|#|H#
State o
fa(xy) = (7x" 49 %y + 33 on W,=[(9,29), (10,29), (10, 30), (9, 30) ] p = (9%, 29%)
Tape Coordinate 0 |1]2]3]4|5|]6|7]8
Tape Contents # la|b|#|#|# | #|H#H|#
State Jo

fis(x,y) = (7x" 98 Iy + 32) on Wi3=[(17,37), (18,37),(18,38),(17,38)] p = (174, 37%)

Tape Coordinate 011 [2]3]4|5]|]6]7]8
Tape Contents ala |b|#|#|#|# |#|#
State (o

fu(xy) = (7x" 147 Ly + 339 on Wi = [(22.37), (23.37),(23,38),(22,38)]  p = (221, 37%)

Tape Coordinate 0[1]2 [3]4]|5]6]|7]8
Tape Contents alalb |#|#|#|#|#|#
State d:
fis(Xy) = (%X +23 7y - 238 on Wis = [(8,38), (9,38),(9,39),(8,39)] p = (8%, 3829—974
Tape Coordinate 0[1]2]3 |4]|5]6]|7]8
Tape Contents ala|b|# |[#|#|#|#|#
State 0

fr(xy)=(Ex+14,7y " 182 on W, = [(24,30), (25,30),(25,31),(24,31)] p = (24%, 30%)

Tape Coordinate 0[1]2 [3]4]|5]6]|7]8
Tape Contents alalb |b|#|#|#|#|#
State do
fs(xy)=(Ex+14,7y " 182 on Ws=[(17,30), (18,30),(18,31),(17,31)] p = (173, 30}
Tape Coordinate O[1 ]2[3]4]|5]6]|7]8
Tape Contents ala |b|b|#|#|#|#|#
State Jo
fa(xy)=(Ex+7 7y " 179 on W= [(16,29), (17,29),(17,30),(16,30)] p = (1615, 291)
Tape Coordinate 0 |1]2]3]4]|5|]6]|7]8
Tape Contents alalb|b|#|#|#|#|#
State JQo
fa(x,y)= (7x" 49 2y + 33 on W, =[(9,29), (10,29),(10,30),(9,30)] p = (922,29}
Tape Coordinate #0123 |4]|5]6]|7]|8
Tape Contents # lala|b|b|#|#|#|#|#
State Jo
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fua(xy)= (7x" 98 1y + 32) on Wy = [(16,37), (17,37),(17,38),(16,38)]

Tape Coordinate #1|0 | 1]|2]3]|4|5|6|7]|8
Tape Contents alal|alb|b|# |# |#|#|#
State Gh

fia(x,y)=(7x" 98 1y + 32) on Wy =[(17,37), (18,37),(18,38),(17,38)]

p=(17%,37%

Tape Coordinate # /101 |2|3(4|5|6]|7)|8
Tape Contents a|a|a |b|b|#|# | #|# | H#
State Oz

fo(x,y)= (7x" 147 3y + 33 on W, = [(24,37), (25,37),(25,38),(24,38)] p = (24%, 37%
Tape Coordinate #1012 |3]4|5|6|7]|8
Tape Contents alalalb |b|#|# | #|# | H#
State o}

frz(x,y) = (7x" 147 3y + 33 on Wi, = [(22,38), (23,38),(23,39),(22,39) ] p=(22¢, 38
Tape Coordinate #0123 |4|5|6|7]|8
Tape Contents alalalb|b |#|# |#|#|#
State (o

fis(xy) = (3x+23 7y " 238 on Wi = [(8,38), (9,38),(9,39),(8,39)] p = (8%, 383k
Tape Coordinate #1012 (3|4 |5]6|7]8
Tape Contents a|ala|b|b|# |# |#|# |#
State q

fa(xy)= (Ex+21 7y " 189 on W= [(24,31), (25,31),(25,32), (24,32) p = (241, 3188
Tape Coordinate #1101 1|23 [4]5]6|7]8
Tape Contents alalalb|b |b|#|#|#|#
State %o

fr(xy)= (Ex+14,7y " 182 on W, = [(24,30), (25,30), (25,31), (24,31)] p = (24%, 30%
Tape Coordinate #1012 |3]4|5|6|7]|8
Tape Contents al|alalb |b|b|# |#|#|#
State o

fs(xy)=(Ex+14,7y " 182 on Ws= [(17,30), (18,30), (18,31),(17,31)] p = (1735, 30%)
Tape Coordinate # /101 |2|3(4|5|6]|7)|8
Tape Contents alala|b|b|b|#|#|#|#
State Qo

fo(xy)= (Ax+14,7y " 182 on W, = [(16,30), (17,30),(17.31),(16,31)]  p = (16122, 301)
Tape Coordinate #|0 | 1]|2]3]4|5|6|7]|8
Tape Contents alal|alb|b|b|#|#|#|#
State o
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fa(xy)=(Ex+7, 7y " 179 on W;=[(16,29), (17,29),(17,30),(16,30)] p = (1631 291)

Tape Coordinate #1101 ]|2]3(4|5]|]6|7]|8
Tape Contents alalal|b|b|b|#|#|#|#
State Jo
fa(xy)=(7x" 49 1y + 33 on W= [(9,29), (10,29),(10,30),(9,30)] p " (9.3367 29¢
Tape Coordinate #2 | #1 |0 1|23 ]4|5]|6|7|8
Tape Contents # alalal|b|b|b|#|#
State o

fia(xy) = (7x" 98 1y + 32) on W= [(16,37), (17,37),(17,38),(16,38) ] p " (16.357 371)
Tape Coordinate # | #1 |0 |1 ]2]3|4|5]6|7]8
Tape Contents a alala|lb|b|b|#|#]|#
State (o]}

fra(x,y)= (7x" 98, Ly + 32) on W = [(16,37), (17,37),(17,38),(16,38)] p " (16.499 37.3095
Tape Coordinate # | #1 |0 112|13(4(5]6|7]8
Tape Contents a a |a alb|b|b|#|#
State Oh

fia(x,y) = (7x" 98 1y + 32) on W; = [(17,37), (18,37),(18,38), (17, 38)] p " (17.493 37.3299
7

Tape Coordinate # | #1 |0 |1 |2|314]|5]|6]7|8
Tape Contents a a |ala |b|b|b|#|#
State a1
3 2
p = (14+3+_—1-, 35+2+—1) = (174, 37%)

wo’ w1
7 1 7

is a non-periodic cluster point that corresponds to the machine being in state g, and the tape head location

is at square 1 and the tape contents are T(k) = a whenever k $ 1 and T(k)= b whenever k> 1.

2
,5"7 + 2+ 1
1#4

2
v=(2"7+2+ L
( 1#1

7 7

) = (163, 37%)

is a cluster point of the immortal orbit that corresponds to the machine being in state ¢, and the tape head
location can be at any square j and the tape contents are T(k) = a for every k on the tape. Observe that Vv is
a fixed point of fia(X,y) = (7x" 98 1y + 32) lying in the interior of the unit square

Wy, = [(16,37), (17,37), (17, 38), (16, 38)].
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Observe thatif Vo = (1642, 371) which is when the tape head is at 0; the machine is in state ¢, ; and

T(0#1) =T(0) =T(0+1) = a. Then V, is in this immortal orbit.

Tape Coordinate #,0 |1 |2|3(4]|5|6]|7)|8
Tape Contents a|a|a|b|b|#|# | #|#|H#
State (o}

Set v; = to the first time the point in the immortal orbit has its tape head at 4; and the machine is in state

Qo and T(#I#2) = T#HI#]) = T#]) = TEL+1) = T#1+2) = a

Tape Coordinate #4 | #3 | #2 | #1 |0 |1 |2 |3|4|5]6]|7|8
Tape Contents #| a|a|alala|/b|b|b|b|# |#|#
State 0

By induction, for every k> 1, set Vi = to the first time the point in the immortal orbit has its tape head at k;

the machine is in state go; and T(#k + j) = afor every j such that |j| $ k+1. This implies that
2401

I"TilL Vh = V. Observe that fz f3 f6 f5 f7 fg f16 f12 fg f13 f14 (X, y) = (%X+&al‘5 7y " 223 has fixed
oo

point v = (1628 22%) = (16.3340...37.16)

1029’ 6

W4
Vv f14(Wis)
(16, 37)] '
f14(162, 372) = (17, 3722 f1a (163, 371) = (17, 378
(16.4285, 37.166) " (17, 37.3095...) (164285, 37.5) " (17, 37.357...)

Observethat  f; fg fi6fip fo fi5 iy £, 3 f5(X y) = (X+ %, y+ %)

Copyright © 2009 Michael Stephen Fiske 27



21"7 #189
w = , ——) = (241, 311
(7#1 1#7 (243, 313)

is a cluster point of the immortal orbit that corresponds to the machine being in state ¢y and the tape head

location can be at any square j and the tape contents are T(K) =b for every Kk on the tape. Observe that w
is a fixed point of fs(xy)=(Ex+21 7y " 189 lying in the interior of the unit square
Ws = [(24,31), (25, 31),(25,32), (24,32)] . Also, observe that if w; = (241, 31% which is
when the tape head is at 3; and the machine is in state gg ; and T(3#1) =T(3) =T(3+1) = b, then w; is in

this immortal orbit.

Tape Coordinate #1012 |3 [4]5]6|7]8
Tape Contents a|ala|b|b |b|# |#|#|#
State o

Set w, equal to the first time the point in the immortal orbit has its tape head at 4; and the machine is in

state p; and T(4#2) = T(4#1) = T(4) = T(4+1) = T(4+2) = b.

Tape Coordinate #A4 | #3 | #2 | #1012 |34 |5]6|7]8
Tape Contents # | a alal|ala|b|b|b |b|b|#|#
State o

By induction, for every K >4, set Wy = to the first time the point in the immortal orbit has its tape head at
k; and the machine is in state go; and T(k+ )= b for every j such that |j| $ k# 2. Observe that

limwa = w
n" #
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DEFINITION 3.2 Computational Period

Suppose the Turing machine (Q, A, ") has an immortal periodic point p.  If the machine starts its
execution at point p, then the minimal number of computational steps, denoted C(p), for the
machine to return to point p is called the computational period of p. Observe that the
computational period C(p) is the same number as the period of p with respect to the corresponding

affine maps f: W" P where 1 <k <.

REMARK 3.3 HyperbolicDegree m(p) = |R—|L| and C(p) = |R +|L|
If p is an immortal periodic point with computational period C(p), then C(p) = |R + |[L| where |R|
denotes the number of right tape head moves during these C(p) computational steps and |L| denotes

the number of left tape head moves during these C(p) computational steps. =~ From section 2, let

fso fsc1) - - . fs1y be the corresponding sequence of affine maps.  Then the linear part of
‘B" 09 . .
fso fsc1) - - - fg1) has the form %O 1. where m = |[R—|L|. When it is understood which
B"é§

immortal periodic point is referred to, then the argument p is omitted and m denotes the hyperbolic
degree and C denotes the computational period. If m# 0, the periodic point is called hyperbolic.

If m=0, the periodic point is called non-hyperbolic.

DEFINITION 3.4 Hyperbolic Degree, Right Shift, Left Shift

n m 0/
Consider affine map r with linear part of the form %0 (])_ ' for some integer m # 0. If
B"

&
m > 0, then r is called an m degree right shift hyperbolic map. If m < 0, then r is called an m

degree left shift hyperbolic map.
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NOTATION 3.5 A pair of “rectangular brackets” represent a point corresponding to a Turing
machine configuration. The coordinates of the point are not dependent on the integer value of the
tape head with respect to the tape. For this reason, the position of the tape head is located without

indicating the integer value of the tape head.

The expression p = [3, W<1>2V] represents point P where the current state of the machine is 3;

the oblique brackets around the 1 indicate that the tape head points to a tape square containing a 1;
the tape square adjacent to the right of the tape head contains a 2; the remainder of the tape
squares to the right of this 2 are represented by a variable v which may represent an arbitrary
sequence of alphabet symbols on the right side of the tape; and the remainder of the tape squares to
the left of the tape head are represented by a variable w which may represent an arbitrary sequence

of alphabet symbols on the left side of the tape.

To express the configuration at a computational step, [3 , i<1>§] represents that the machine is in

state 3, the tape head is located at the bracketed 1 and there are 2's to the right of the tape head and
I's to the left of the tape head. If a sequence of symbols is overlined then that means the

remainder of the tape squares contain that periodic pattern.  For example, p = [3, T2<1>Tﬂ]

means the machine is in state 3; that the tape to the right of the tape head contains the periodic
pattern 212 212 212 . . .; and the tape to the left of the tape head contains the periodic pattern

L1212 12 12 12.

The following examples demonstrate simple immortal periodic points.
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EXAMPLE 3.6

The tape head moves for this non-hyperbolic

A={1,2}.

Q=1{2, 3}. Haltingstate = 1
Q| T| "(@ T
21, 1,R
221320
301 [@22R
31212 LR

[3, w(2)2v]
2. vaiz)]
[3. w(1)2v]
2. w2i2)]

[3 , w<2>2v]

immortal periodic point are

Program 1034

(RLRL}" .

All

points

p = [3 , W<2>2v] are non-hyperbolic immortal periodic points with period C=4. Program 1034 does not

have any hyperbolic immortal periodic points.

EXAMPLE 3.7

Copyright © 2009 Michael Stephen Fiske

Q={2,3}. Halting state = 1.

A={1,2}. Program 481

Q| Te| "(g, Ty

1] G, 1L

2 [ (1,2,R

13, 1,R

W W N N

2 @ LD

31



The tape head moves for this immortal periodic point are {RLLRR}" where n is a positive integer. ~ Point

p = [3 . i<1>§] is an immortal periodic point with period 5 and hyperbolic degree 1. There is an immortal

periodic point ( [3 , :_|.<1>:_|.] with period 1 and hyperbolic degree 1. There is also has an immortal

periodic point W [2 , ]__2<1>j.] with period 2 and hyperbolic degree —2.

EXAMPLE 3.8 Q= {2,3,4,5,6}. Haltingstate=1. A ={l1,2}.

Left pattern = 2 Middle Pattern = 1121. Right pattern =1

Q| T| "(ag,Tw
211 ]6,2R
202 a,2R
301 | @ LR
302 ]a,2Rm
4111 LR
41216, 1L,R
5111](,2,L)
512 | (L,2,R
61|21y
62]a,2R

[2, y<1>121i]
[3. y21)21]
[4. yax2)]
[5, y211<1>i]
[6. y212)2]

2. v 2tn2]

The point p = [2 L2 <1>12]i] is the only immortal periodic point derived from state 2.  The immortal

point p has period C =5. The minimum left pattern "2" has length 1. The middle pattern "1121" has

length 4; and the right pattern "1" has length 1.
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EXAMPLE 39 Q=1{grstuvwx.

A=

{1,2}.  Halting state = h

Left pattern = 12. Spanning Middle Pattern = 121 2212. Right pattern = 212.

Q

Tk

(@, T

1

r,1,R

2

(h,2, R

(h, , R

(s2,R

t1, R

(h,2,R)

(h, ,R

u,2,R

c

(h, ,R

c

v 1,R

(h, 1,R)

w, 2, R)

(h, ,R

% 1, L)

x| S| S| <| <

(h, 1,R)

X

@,2,R)

Machine execution steps with tape head initially at tape square 1. Tape head location is indicated

by underline.

q 1211212122222 ]1]2]2]2]|2
r 121121 ]2[1]2]2[2]2|2]1]2]|2]2]|2
S 1211212122222 ]1]2|2]2]|2
t L2121 121222221 ]2|2]2]|2
u L2111 (211121222221 ]2|2]2]|2
\ L2 121112121 ]2]2|2]1]2|2]2]|2
w 2712012111211 ]1212]2[112]2]2]2
X L2121 (21|21 [2]1[2]1]2|2]2]2
g L2121 ]2[1 )21 ]2]1[2]1]2|2]2]2

The tape head moves are {R°LR}". The point p

point with period 8 and hyperbolic degree 6.

Copyright © 2009 Michael Stephen Fiske
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DEFINITION 3.10 Patternsand Subpatterns

A pattern W is a finite sequence of alphabet symbols chosen from A.  In other words,
W:{0,1, ..., n—1} " A, Thelength of W=n and is denoted as |W]=n. The kth element of
the pattern W is denoted as W(K) or wy.  Thus, pattern W is sometimes explicitly expressed as

Wo Wy ... Wy

Sis a subpattern of W if S= W, W4 ... Wi Wy for some j and K satisfying 0< j< k<n-1
and the length of S=k—j + 1. In computer science, sometimes S is called a substring. Sis a |€ft

subpattern if j =0 and a right subpattern if k=n-1.

DEFINITION 3.11 Pattern Divisibility
The positive integer m divides pattern W if the length of W = rm for some positive integer I and

all of the following hold:

WO) =Wm) = ... =W(r-1)m)
W(j) =Wm+j)=...=W(r-1)m+j)
W(m-1) =W2m-1)= . . . =Wrm-1)

More formally, for every non-negative integer j satisfying 0 < j < m-1 and for every positive

integer k satisfying I < k < r—1, then W(j) =W(j + km).

EXAMPLE 3.12 Patterns, Subpatterns, Divishility
Set pattern W= 01 0010. The length of W equals 6. The integer 3 dividesW. T =0100 is a

left subpattern of W. U =010 is a right subpattern of W.

Set pattern V = 11 0101. The length of V equals 6. V is divisible by 6 but has no smaller

divisors. The set of all subpatterns of V that have length 5 = {11010, 10101}
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DEFINITION 3.13 Left-Right Periodic Tape

Turing tape T is |eft periodic with left period %with respect to tape square k if # is the smallest
positive integer such that for each j satisfying 0 < ] < #, then for every positive integer m,
T(k—j—m#) = T(k—j). Turing tape T is right periodic with right period $ with respect to square
k if & is the smallest positive integer such that for each | satisfying 0 < j < $ then for every

positive integer m, T(k+ ] +m$) =T(k+ ).

A tape is left-right (% %$) periodic if the tape is l€eft periodic with period %respect to tape square
k and right periodic with period $respect to tape square (K+ %+ 1) for some non-negative integer

9% Observe that in general # # $.

The sequence of # tape symbols T(k— #+ 1) T(k—#+2) ... T(K) is called the left pattern.
When &> 0, the tape sequence T(k+ 1) ... T(k+ % is called the middle pattern. When % 0,
the middle pattern is called the empty pattern. The sequence of ' tape symbols T(k + &+ 1)

T(k+ &+2)...T(k+ &+ $) is called the right pattern.

EXAMPLE 3.14 Left-Right Periodic Tape
Below the left-right periodic tape has a left period #=1 and a right period $ = 1. The left pattern

is 0. The middle pattern is 1. The right pattern is 1.

=~

k+ &+ 1
0/0/0]j0]1 1 111

Below the left-right periodic tape has a left period # = 3 and right period $ = 4. The left pattern is

001. The middle pattern is 10. The right pattern is 1001.

k k+&+1
oj(of1{0/0|1|1/|0 1 0Oj|0f1|1]0/0]|1
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DEFINITION 315 TapeHead glbL, lubU, Window of Execution [L, U]

Suppose a Turing machine begins or continues its execution with tape head at tape square k.

During the next N computational steps, the greatest lower bound L of the tape head is the left

most (smallest integer) tape square that the tape head visits during these N computational steps;

and the least upper bound U of the tape head is the right most (largest integer) tape square that the

tape head visits during these N computational steps. The window of execution denoted as [L, U]
or [L,L+1,...,U-1, U] is the sequence of integers representing the tape squares that the tape
head visited during these N computational steps. The length of the window of executionis U-L

+1 which is also the number of distinct tape squares visited by the tape head during these N steps.
To express the window of execution for the next n computational steps, the lower and upper bounds

are expressed as a function of n: [L(n), U(n)].

REMARK 3.16 If j<k, then [L(j), UG)] ( [L(K), UK)]

This follows immediately from the definition of the window of execution.

Since the tape squares may be renumbered without changing the results of the machine execution,
for convenience it is often assumed that the machine starts execution at tape square 0. In example
3.6, during the next 8 computational steps — one cycle of the immortal periodic point — the window

of execution is [0, 6]. The length of the window of execution is 7.

Observe that if the tape squares are renumbered and the goal is to refer to two different windows of

execution, for example [L(j), U(j)] and [L(K), UK)], then both windows are renumbered with the

same relative offset so that the two windows can be compared.
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DEFINITION 3.17 Spanning Middle Pattern of an Immortal Periodic Point

Let p= [q C b b auy. . (a> ... aum O.. Cm] be an immortal periodic point with

period C(p). The tape head is currently at tape square i. For each n, satisfying L(p) < n < U(p),
the current tape contents of tape square N is &, ; in other words, T(n) = a,. Suppose
[L(p), U(p)] is the window of execution over the next C(p) — 1 computational steps. The
spanning middle pattern of pis ayp ap+ - - - Aype Aup- Observe that the length of the

spanning middle pattern equals U(p) — L(p) + 1.

REMARK 3.18 Length of Spanning Middle Pattern of p < C(p)

Case A. If the tape head moves for the next C(p) B 1 computational steps are R°®® | only right
tape head moves, then before the first computational step, the tape head is at tape square L(p)
whose contents are @, ; after the C(p) B 1 computational step the tape head is at tape square U(p)
whose contents are ayg,. Thus, C(p) = Up) — L(p) + 1.

Case B. If the tape head moves for the next C(p) D1 computational steps are L@

, only left tape
head moves, then before the first computational step, the tape head is at tape square U(p) whose

contents are ayy); after the C(p) D1 computational step the tape head is at tape square L(p). Thus,

C) =U(P - L + 1.

Case C. Otherwise, during the next C(p) D1 computational steps, there is at least one left tape
head move and one right tape head move that cancel each other in terms of the length of the

spanning middle pattern. Thus, U(p) — L(p) +1 < C(p).
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REMARK 3.19 Non-hyperbolic immortal period point p is bounded by its minimal spanning

pattern. Thus, pis of the form [q yWalp. . <a.> ... Aup V] such that

¥ aL(p) aL(p)+1 e aU(p)Dl aU(p). is the minimal spanning pattem of P.
¥ wi s a variable representing any sequence of symbols from A on the tape to the left of
symbol a .

¥ Vis a variable representing any sequence of symbols from A on the tape to the right of ayp).

REMARK 3.20 Any hyperbolic periodic point has a Left-Right Periodic Tape. And the left

period and the right period of the tape each divide the degree of the hyperbolicity.

PROOF. Ifit is a right-shift hyperbolic periodic point, then there is a point p and an affine map r

" 0

with linear part %BO 2 ' such that r(p)= p. From the Turing/Affine correspondence theorem,
B"&

r(p) corresponds to m net moves of the tape head to the right. The point p corresponds to the

following configuration where the tape head is at square k and the machine is also in state Q:

k k+m
bnl...|bh|b|la|a|...|a, a

The point r(p) corresponds to the following configuration where the tape head is at square kK + m

and the machine is also in state Q:

k+m k+2m
bn|..|b|b| a |a|...]|a&n a

r(p) =p implies that T(k+m) = T(k) for every integer k. Ifit is a left-shift hyperbolic periodic

"1 9
point, there is a point p and an affine map r with linear part $p~ 0 :
0 B"§

such that r(p) =p. From
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the Turing/Affine correspondence theorem, r(p) corresponds to m net moves of the tape head to

the left and r(p) = p implies that T(k+ m) =T(k) for every integer k.

REMARK 3.21 If hyperbolic immortal periodic point p has hyperbolic degree m> 0, then the

right pattern of p, is a right subpattern of the spanning middle pattern of p.

REMARK 3.22 If hyperbolic immortal periodic point p has hyperbolic degree m < 0, then the

left pattern of p, is a left subpattern of the spanning middle pattern of p.
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