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CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM 
SOLVED WITH A DYNAMIC REGISTER MACHINE 

 
 Examples & Periodic Tape Patterns SECTION 3 

EXAMPLE 3.1        Q = {q0 , q1 , q2}     A =  {#, a, b}     

 

 

 

 

 

          

 

 

 

 

 

The initial tape contents are all #’s.   Formally, T(k) = # for every integer k.   Base  B  =  |Q | +  |A|  +  1 =  7.    

For this example, as defined in 2.8,  the value function  !  : A !  Q !  {h}  "   ℕ    is defined as                

!  (h) = 0     !  (#) = 1     !  (a) = 2      !  (b) = 3     !  (q0) = 4      !  (q1) = 5     !  (q2) = 6. 

 

In regard to the affine orbit and Turing Machine execution correspondence, the affine functions  fj  and unit 

square domains Wj, the current Turing Machine state, tape head and tape are shown after each execution step.   

The location of the tape head is indicated by underlining the tape symbol and placing the state of the machine 

directly underneath this tape square.  

 

____________________________________________________________________________________ 

!  

f 1 (x,y) =  (7x " 49, 1
7 y +  33)     on   W1  =  [ (8, 29),  (9, 29), (9, 30), (8, 30) ]              

!  

p =  (8 1
6 , 291

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents # # # # # # # # # 
 State   q0        

 ____________________________________________________________________________________ 

!  

f 15 (x,y) =  (1
7 x +16, 7y "  231)    on   W15  =  [ (8, 37),  (9, 37), (9, 38), (8, 38) ]            

!  

p =  (8 1
6 , 371

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents # a # # # # # # # 
 State    q1       

  

q  Tk " (q,  Tk) 

   

q0  #  (q1,   a,  R) 
q0  a  (q0,  a,  L) 
q0  b  (q0,  b,  L) 
q1  #  (q0,  b,  L) 
q1  a  (q1,  a,   R) 
q1  b  (q1,  b,  R) 
q2  #  (h,   #,  R) 
q2  a  (h,   a,  R) 
q2  b  (h,   b,  R) 
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____________________________________________________________________________________ 

! 

f 4 (x,y) =  (1
7 x + 7, 7y "  175)    on    W4  =  [ (17, 29),  (18, 29), (18, 30), (17, 30) ]        

!  

p =  (171
6 , 291

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents # a b # # # # # # 
 State   q0        

 
 ____________________________________________________________________________________ 

!  

f 2 (x,y) =  (7x " 49, 1
7 y +  33)     on    W2  =  [ (9, 29),  (10, 29), (10, 30), (9, 30) ]            

!  

p =  (9 19
42 ,  291

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents # a b # # # # # # 
 State  q0         

  
____________________________________________________________________________________ 

!  

f 13 (x,y) =  (7x " 98, 1
7 y +  32)    on    W13  =  [ (17, 37),  (18, 37), (18, 38), (17, 38) ]       

!  

p =  (171
6 ,  371

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b # # # # # # 
 State   q1        

 
______________________________________________________________________________________ 
 

!  

f 11 (x,y) =  (7x " 147, 1
7 y +  33)    on    W11 =  [ (22, 37),  (23, 37), (23, 38), (22, 38) ]       

! 

p =  (221
6 , 3713

42)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b # # # # # # 
 State    q1       

______________________________________________________________________________________ 
 

! 

f 16 (x,y) =  (1
7 x + 23, 7y "  238)     on    W16  =  [ (8, 38),  (9, 38), (9, 39), (8, 39) ]             

!  

p =  (8 1
6 , 38 97

294)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b # # # # # # 
 State     q1      

______________________________________________________________________________________ 
 

!  

f 7 (x,y) =  (1
7 x +14, 7y "  182)      on    W7  =  [ (24, 30),  (25, 30), (25, 31), (24, 31) ]        

!  

p =  (24 1
6 , 3013

42)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b b # # # # # 
State    q0       

______________________________________________________________________________________ 
 

!  

f 5 (x,y) =  (1
7 x +14, 7y "  182)      on    W5  =  [ (17, 30),  (18, 30), (18, 31), (17, 31) ]        

!  

p =  (1719
42 , 301

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b b # # # # # 
State  q0        

______________________________________________________________________________________ 
 

!  

f 3 (x,y) =  (1
7 x + 7, 7y "  175)      on     W3  =  [ (16, 29),  (17, 29), (17, 30), (16, 30) ]        

!  

p =  (16145
294 , 291

6)           
Tape Coordinate 0 1 2 3 4 5 6 7 8 
Tape Contents a a b b # # # # # 
State  q0         

______________________________________________________________________________________ 
 

!  

f 2(x,y) =  (7x " 49, 1
7 y +  33)     on     W2  =  [ (9, 29),  (10, 29), (10, 30), (9, 30) ]             

! 

p =  (9 733
2058, 291

6)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  # a a b b # # # # # 
State  q0          
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______________________________________________________________________________________ 

!  

f 14 (x,y) =  (7x " 98, 1
7 y +  32)    on     W14  =  [ (16, 37),  (17, 37), (17, 38), (16, 38) ]        

!  

p =  (16 145
294

, 37 1
6
)           

Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State   q1         

 
_______________________________________________________________________________________ 

!  

f 13 (x,y) =  (7x " 98, 1
7 y +  32)    on     W13  =  [ (17, 37),  (18, 37), (18, 38), (17, 38) ]         

!  

p =  (17 19
42

,  37 13
42

)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State    q1        

 
_______________________________________________________________________________________ 
 

!  

f 9 (x,y) =  (7x " 147, 1
7 y +  33)     on    W9  =  [ (24, 37),  (25, 37), (25, 38), (24, 38) ]         

!  

p =  (24 1
6 , 37 97

294)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State     q1       

 
________________________________________________________________________________________ 
 

!  

f 12 (x,y) =  (7x " 147, 1
7 y +  33)     on   W12  =  [ (22, 38),  (23, 38), (23, 39), (22, 39) ]          

!  

p = (221
6 , 38 685

2085)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State      q1      

________________________________________________________________________________________ 

!  

f 16 (x,y) =  (1
7 x + 23, 7y "  238)     on   W16  =  [ (8, 38),  (9, 38), (9, 39), (8, 39) ]                  

!  

p =  (8 1
6 , 38 6847

14406)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State       q1     

________________________________________________________________________________________ 

!  

f 8 (x,y) =  (1
7 x + 21, 7y "  189)     on    W8  =  [ (24, 31),  (25, 31), (25, 32), (24, 32) ]            

!  

p =  (24 1
6 , 31 685

2058)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
 State      q0      

________________________________________________________________________________________ 

!  

f 7 (x,y) =  (1
7 x +14, 7y "  182)     on    W7  =  [ (24, 30),  (25, 30), (25, 31), (24, 31) ]           

!  

p =  (2419
42 , 30 97

294)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
 State     q0       

________________________________________________________________________________________ 

!  

f 5 (x,y) =  (1
7 x +14, 7y "  182)     on    W5  =  [ (17, 30),  (18, 30), (18, 31), (17, 31) ]           

!  

p =  (17145
294 , 3013

42)           
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
State    q0        

_______________________________________________________________________________________ 

 

!  

f 6 (x,y) =  (1
7 x +14, 7y "  182)     on   W6  =  [ (16, 30),  (17, 30), (17, 31), (16, 31) ]         

!  

p =  (16 1027
2058

, 30 1
6
)  

Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
State   q0         
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______________________________________________________________________________________ 

 

!  

f 3 (x,y) =  (1
7 x + 7, 7y "  175)     on    W3  =  [ (16, 29),  (17, 29), (17, 30), (16, 30) ]         

!  

p =  (16 5143
14406, 291

6)  
Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
State   q0          

 
______________________________________________________________________________________ 

 

!  

f 2 (x,y) =  (7x " 49, 1
7 y +  33)     on    W3  =  [ (9, 29),  (10, 29), (10, 30), (9, 30) ]             

!  

p "  (9.3367, 291
6)  

Tape Coordinate #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents  #   a a a b b b # # # # 
State  q0            

______________________________________________________________________________________ 

!  

f 14 (x,y) =  (7x " 98, 1
7 y +  32)    on   W3  =  [ (16, 37),  (17, 37), (17, 38), (16, 38) ]         

!  

p "  (16.357, 371
6)  

Tape Coordinate #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a  a a a b b b # # # # 
State    q1          

 
______________________________________________________________________________________ 

!  

f 14  (x,y) =  (7x " 98, 1

7
y +  32)   on   W3  =  [(16, 37),  (17, 37), (17, 38), (16, 38)]      

!  

p "  (16.499, 37.3095)  
Tape Coordinate #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a     a a a b b b # # # # 
State     q1         

 
______________________________________________________________________________________ 

!  

f 13 (x,y) =  (7x " 98, 1
7 y +  32)  on  W3  =  [(17, 37),  (18, 37), (18, 38), (17, 38)]        

!  

p "  (17.493,  37.3299)  
Tape Coordinate #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a     a a a b b b # # # # 
State      q1        

 
 
_________________________________________________________________________________________________________ 

!  

p =  (14+ 3+
3
7

1" 1
7

, 35+ 2+
2
7

1" 1
7

) =  171
2, 371

3( )   

is a non-periodic cluster point that corresponds to the machine being in state q1 and the tape head location 

is at square 1 and the tape contents are T(k) =  a  whenever  k  $ 1 and  T(k) =  b  whenever k > 1. 

 

_________________________________________________________________________________________________________ 

!  

v =  (2"7 +  2+  
2
7

1# 1
7

, 5"7 +  2+  
2
7

1# 1
7

) =  161
3, 371

3( )   

is a cluster point of the immortal orbit that corresponds to the machine being in state q1 and the tape head 

location can be at any square j and the tape contents are T(k)  =  a  for every k on the tape.   Observe that  v  is 

a fixed point of  

!  

f 14 (x,y) =  (7x " 98, 1
7 y +  32)   lying in the interior of the unit square     

W14  =  [ (16, 37),  (17, 37), (17, 38),  (16, 38)] .    
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Observe  that if   v0 

!  

=  (16145
294 , 371

6)   which is when the tape head is  at  0;  the machine is in state  q1 ;  and  

T(0#1) = T(0) = T(0+1) =  a .    Then v0 is in this immortal orbit.     

Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b # # # # # 
State   q1         

 
Set  v1  =  to the first time the point in the immortal orbit  has its tape head at  4;  and the machine is in state 

q0;   and  T(#1#2) = T(#1#1) = T(#1) = T(#1+1) = T(#1+2) =  a. 

 
Tape Coordinate #4 #3 #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents   #  a  a  a a a b b b b # # # 
State     q1          

 
By induction, for every  k > 1,  set  vk  =  to the first time the point in the immortal orbit  has its tape head at k;  

the machine is in state q0;   and T(#k + j)  =  a for every  j  such that   | j |  $ k +1.    This implies that  

!  

lim
n" #

 vn =  v .  Observe that  f2  f3  f6  f5  f7  f8  f16  f12  f9   f13  f14  (x, y)  = 

!  

 ( 1
7 x + 33616

2401 , 7y "  223)  has  fixed 

point 

!  

v =  16808
1029 , 223

6( )

! 

=  16.3340..., 37.16 ( )        

                                   
 
 
         
 
      
                                                                
              (16, 37) 
 

! 

f 14 (163
7, 371

6) =  (17, 3713
42)                                 

!  

f 14 (16 3
7 , 371

2) =  (17, 37 5
14)  

(16.4285,  37.166)   "   (17,  37.3095…)                                (16.4285,  37.5)   "   (17,  37.357…) 
 

Observe that     f7  f8  f16 f12  f9  f13  f14  f2  f3  f5 (x, y)  = (x + 

!  

2
49

,  y + 

!  

1
7
)  

 
 
 
 
 

          W14 

 
    
            
                                    

                           v                     f14(W14) 
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!  

w =  (
21"7
7#1

, 
#189
1# 7

) =  24 1
2, 311

2( )  

is a cluster point of the immortal orbit that corresponds to the machine being in state q0 and the tape head 

location can be at any square j and the tape contents are  T(k) = b  for every   k  on the tape.   Observe that  w  

is a fixed point of  

!  

f 8 (x,y) =  (1
7 x + 21, 7y "  189)    lying in the interior of the unit square                         

W8   =  [ (24, 31),  (25, 31), (25, 32),  (24, 32)] .   Also,  observe  that  if    w3  =  

!  

 (24 1
6 ,  31 685

2085)  which is 

when the tape head is  at  3;  and the machine is in state q0 ;  and  T(3#1) = T(3) = T(3+1) =  b,  then w3  is in 

this immortal orbit.     

Tape Coordinate #1 0 1 2 3 4 5 6 7 8 
Tape Contents  a a a b b b # # # # 
State      q0      

 
Set w4   equal to the first time the point in the immortal orbit  has its tape head at  4;  and the machine is in 

state q0;   and T(4#2) = T(4#1) = T(4) = T(4+1) = T(4+2) =  b. 

 

Tape Coordinate #4 #3 #2 #1 0 1 2 3 4 5 6 7 8 
Tape Contents   #  a   a  a a a b b b b b # # 
State          q0     

 
By induction, for every  k  > 4,  set wk =  to the first time the point in the immortal orbit  has its tape head at  

k;  and the machine is in state  q0;   and  T(k + j) =  b for every  j  such that   | j |  $ k # 2.   Observe that 

!  

lim
n" #

wn =  w 
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DEFINITION  3.2    Computational Period  

Suppose the Turing machine (Q, A, " ) has an immortal periodic point p.    If the machine starts its 

execution at point p, then the minimal number of computational steps, denoted C(p),  for the 

machine to return to point p is called the computational period of p.   Observe that the 

computational period C(p)  is the same number as the period of p with respect to the corresponding 

affine maps  fk : Wk "   P  where 1 ≤ k ≤ I.     

 

REMARK  3.3     Hyperbolic Degree   m(p)  =  |R| – |L|    and C(p)   =  |R| + |L| 

If p is an immortal periodic point with computational period C(p),  then  C(p) = |R| + |L| where  |R| 

denotes the number of right tape head moves during these C(p) computational steps and |L| denotes 

the number of left tape head moves during these C(p) computational steps.     From section 2,  let  

fS(C)  fS(C–1)  . . . fS(1)  be the corresponding sequence of affine maps.   Then the linear part of              

fS(C)  fS(C–1)  . . . fS(1)  has the form  

!  

Bm 0

0 1
Bm

" 

# 
$ 
$ 

% 

& 
'  
'  
   where  m  =  |R| – |L|.   When it is understood which 

immortal periodic point is referred to, then the argument p is omitted and m denotes the hyperbolic 

degree and C denotes the computational period.    If  m ≠ 0, the periodic point is called hyperbolic.  

If  m = 0,  the periodic point is called  non-hyperbolic. 

 

DEFINITION  3.4   Hyperbolic Degree,  Right Shift,  Left Shift 

Consider affine map r with linear part of the form  

!  

Bm 0

0 1
Bm

" 

# 
$ 
$ 

% 

& 
'  
'  
  for some integer  m  ≠  0.   If            

m  >  0,  then r is called an m degree right shift  hyperbolic map.  If  m  <  0, then  r  is called an  m  

degree  left shift  hyperbolic map.     
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NOTATION  3.5        A pair of “rectangular brackets” represent a point corresponding to a Turing 

machine configuration.   The coordinates of the point are not dependent on the integer value of the 

tape head with respect to the tape.  For this reason, the position of the tape head is located without 

indicating the integer value of the tape head. 

 

The expression 

!  

p =  3 ,  w 1 2v[ ]   represents point  p  where the current  state of the machine is  3;  

the oblique brackets around the 1 indicate that the tape head points to a tape square containing a 1; 

the tape square adjacent to the right of the tape head contains a 2;   the remainder of the tape 

squares to the right of this 2 are represented by a variable  v  which may represent an arbitrary 

sequence of alphabet symbols on the right side of the tape;  and the remainder of the tape squares to 

the left of the tape head are represented by a variable  w  which may represent an arbitrary sequence 

of alphabet symbols on the left side of the tape.   

 

To express the configuration at a computational step, 

!  

 3 ,  1 1 2[ ]   represents that the machine is in 

state 3, the tape head is located at the bracketed 1 and there are 2's to the right of the tape head and 

1's to the left of the tape head.    If a sequence of symbols is overlined then that means the 

remainder of the tape squares contain that periodic pattern.    For example, 

!  

p =  3 ,   121 212[ ]   

means the machine is in state  3;  that the tape to the right of the tape head contains the periodic 

pattern  212  212  212  .  .  . ;   and the tape to the left of the tape head contains the periodic pattern   

.  .  .  12  12  12  12  12. 

 

 

The following examples demonstrate simple immortal periodic points.  
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EXAMPLE  3.6             Q = {2,  3}.   Halting state  =  1     A = {1, 2}.     Program 1034 

Q Tk " (q, Tk) 

2 1 (1, 1, R) 

2 2 (3, 2, L) 

3 1 (2, 2, R) 

3 2 (2, 1, R) 

  
             

!  

3 ,  w 2 2v[ ]  

              

!  

2 ,  w1 2 v[ ]  

                    

!  

3 ,  w 1 2v[ ]  

             

!  

2 ,  w2 2 v[ ]            

                                

!  

3 ,  w 2 2v[ ]  

 

 The tape head moves for this non-hyperbolic  immortal periodic point are  {RLRL}n .    All  points  

!  

p =  3 ,  w 2 2v[ ]   are non-hyperbolic immortal periodic points with period  C = 4.  Program 1034  does not 

have any hyperbolic immortal periodic points.   

 

EXAMPLE  3.7               Q = {2, 3}.   Halting state = 1.    A = {1, 2}.     Program 481 

Q Tk " (q, Tk) 

2 1 (3, 1, L) 

2 2 (1, 2, R) 

3 1 (3, 1, R) 

3 2 (2, 1, L) 

  

             

!  

3 ,  1 1 2[ ]  

             

!  

3 ,  1 2 2[ ]  

            

!  

2 ,  1 1 12[ ]  

             

!  

3 ,  1 1 112[ ]      

                                                                  

!  

3 ,  1 1 12[ ]  

                                                                  

!  

3 ,  1 1 2[ ]  
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The tape head moves  for this immortal periodic point are  {RLLRR}n  where n is a positive integer.     Point  

!  

p =  3 ,  1 1 2[ ]   is an immortal periodic point with period  5  and hyperbolic degree 1.    There is an immortal 

periodic point 

! 

q =  3 ,  111[ ]   with period 1 and hyperbolic degree  1 .    There is also has an immortal 

periodic point 

!  

w =  2 ,  1211[ ]    with period 2 and hyperbolic degree  –2. 

 

EXAMPLE  3.8                Q  =  {2, 3, 4, 5, 6}.     Halting state = 1.         A  = {1, 2}. 

          Left   pattern  =  2         Middle Pattern  =  1121.         Right pattern  = 1   

 

Q Tk  " (q, Tk) 

 2 1 (3, 2, R) 
 2 2 (1, 2, R) 
3 1 (4, 1, R) 
3 2 (1, 2, R) 
4 1 (1, 1, R) 
4 2 (5, 1, R) 
5 1 (6, 2, L) 
5 2 (1, 2, R) 
6 1 (2, 1, L) 
6 2 (1, 2, R) 

                            
              

!  

2 ,  y 1 1211[ ]  

            

!  

3 ,  y 2 1 211[ ]  

                                                                  

!  

4 ,  y 21 2 1[ ]  

            

!  

5 ,  y 2111 1[ ]  

            

!  

6 ,  y 211 21[ ]  

                                                              

! 

2 ,  y 2 1 121[ ]  

                                

      
The point  

! 

p =  2 ,  2 11211[ ]    is the only immortal periodic point derived from state 2.     The immortal 

point p has period C = 5.    The minimum left pattern  "2"  has length 1.  The middle pattern  "1121"  has 

length 4;  and the right pattern  "1"  has length 1. 
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EXAMPLE  3.9            Q = {q, r, s, t, u, v, w, x}.      A = {1, 2}.       Halting state  =  h  

Left  pattern  =  12.         Spanning Middle Pattern  =  121 2212.        Right pattern   =  212.   

 
 
                          

                  
 

 
 

                             
                      
 

 

 

 

 

 

                                                          
              

Machine execution steps with tape head initially at tape square 1.  Tape head location is indicated 

by underline. 

q  … 1 2 1 2 1  2 1 2 2 2 2 2 1 2 2 2 2 … 

r  … 1 2 1 2 1  2 1 2 2 2 2 2 1 2 2 2 2 … 

s  … 1 2 1 2 1  2 1 2 2 2 2 2 1 2 2 2 2 … 

t  … 1 2 1 2 1  2 1 2 2 2 2 2 1 2 2 2 2 … 

u  … 1 2 1 2 1  2 1 2 2 2 2 2 1 2 2 2 2 … 

v  … 1 2 1 2 1  2 1 2 1 2 2 2 1 2 2 2 2 … 

w  … 1 2 1 2 1  2 1 2 1 2 2 2 1 2 2 2 2 … 

x  … 1 2 1 2 1  2 1 2 1 2 1 2 1 2 2 2 2 … 

q  … 1 2 1 2 1  2 1 2 1 2 1 2 1 2 2 2 2 … 

 
The tape head moves are  {R6LR}n.  The point 

!  

p =  q ,  12 1 212222[ ]   is an immortal periodic 

point with period 8  and hyperbolic degree  6. 

Q Tk  " (q, Tk) 

 q 1 (r, 1, R) 

 q 2 (h, 2, R) 

r 1 (h, 1, R) 

r 2 (s, 2, R) 

s 1 (t, 1,  R) 

s 2 (h, 2, R) 

t 1 (h, 1, R) 

t 2 (u, 2, R) 

u 1 (h, 1, R) 

u 2 (v, 1, R) 

v 1 (h, 1, R) 

v 2 (w, 2, R) 

w 1 (h, 1, R) 

w 2 (x, 1,  L) 

x 1 (h, 1, R) 

x 2 (q, 2, R) 
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 DEFINITION  3.10   Patterns and  Subpatterns  

A pattern W is a finite sequence of alphabet symbols chosen from A.   In other words,                   

W: {0, 1,  . . . ,  n – 1}  "   A.    The length of W = n  and is denoted as  |W| = n.  The kth element of 

the pattern W is denoted as  W(k)  or wk.     Thus,  pattern  W  is sometimes explicitly expressed as  

w0  w1   . . .  wn–1.    

 
S is a subpattern  of  W  if   S =  wj  wj+1  . . .  wk–1 wk   for some  j and k  satisfying  0 ≤  j ≤  k ≤ n – 1  

and the length of  S = k – j  + 1.   In computer science, sometimes  S  is called a substring.  S is a left 

subpattern  if  j = 0  and a right subpattern  if  k = n – 1. 

 

DEFINITION  3.11   Pattern Divisibility 

The positive integer m divides pattern W if the length of W  =  rm   for some positive integer r and 

all of the following hold: 

W(0)  = W(m)  =  .  .  .  = W( (r –1) m) 

            .  .  . 

W(j)   = W(m + j) = .  .  .  = W( (r –1) m + j) 

            .  .  . 

W(m–1)  = W(2m –1) =  .  .  .  = W(rm –1) 

More formally,  for every non-negative integer j satisfying   0  ≤  j  ≤  m – 1  and for every positive 

integer k satisfying 1  ≤  k  ≤  r – 1,  then W(j)  = W(j + km).   

 

EXAMPLE  3.12     Patterns, Subpatterns, Divisbility  

Set pattern  W =  01 0010.   The length of  W  equals 6.  The integer 3 divides W.    T  = 0100  is  a 

left subpattern of  W.    U = 010 is a right subpattern of W.   

 
Set pattern  V  =  11 0101.   The length of V equals 6.  V is divisible by 6 but has no smaller 

divisors.    The set of all subpatterns of V that have length 5 = {11010, 10101} 
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DEFINITION  3.13     Left-Right Periodic Tape 

Turing tape T is left periodic with left period  % with respect to tape square k  if  #   is the smallest 

positive integer such that for each j  satisfying  0  ≤  j  <  # ,  then for every positive integer m,      

T(k – j – m#)  = T(k – j).  Turing tape T  is right periodic with right period $ with respect to square  

k  if  $  is the smallest positive integer such that for each  j  satisfying  0  ≤  j  <  $,  then for every 

positive integer  m,  T(k + j + m$) = T(k + j).    

 
A tape is left-right  (%, %, $)  periodic if the tape is left periodic with period % respect to tape square 

k  and right periodic with period $ respect to tape square  (k + % + 1)  for some non-negative integer  

%.    Observe that in general  #  ≠ $.   

 
The sequence of  #   tape symbols   T(k – #  + 1) T(k – #  + 2)  . . . T(k)   is called the left pattern.  

When  & > 0,  the tape sequence T(k + 1)  . . . T(k + %)   is called the middle pattern.  When  % = 0, 

the middle pattern is called the empty pattern.   The sequence of '  tape symbols   T(k + & + 1)        

T(k + & + 2) . . . T(k + & + $)  is called the right pattern. 

 
EXAMPLE  3.14     Left-Right Periodic Tape 

Below the left-right periodic tape has a left period  # = 1  and a right period  $  = 1.  The left pattern 

is  0.   The middle pattern is  1.   The right pattern is 1.    

 

    k    k + & + 1    
. . . 0 0 0 0 1 1 1 1 . . . 

 

Below the left-right periodic tape has a left period #  = 3 and right period  $  = 4. The left pattern is  

001.  The middle pattern is 10.   The right pattern is 1001.  

 

 

 

 
 

      k   k + & + 1         
. . . 0 0 1 0 0 1 1 0 1 0 0 1 1 0 0 1 . . . 
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DEFINITION  3.15     Tape Head  glb L,   lub U,  Window of Execution  [L, U] 

Suppose a Turing machine begins or continues its execution with tape head at tape square k.   

During the next N computational steps,  the greatest lower bound  L  of the tape head is the left 

most (smallest integer) tape square that the tape head visits during these N computational steps;  

and the  least upper bound U of the tape head is the right most (largest integer) tape square that the  

 

tape head visits during these N computational steps.    The window of execution denoted as   [L, U]  

or  [L, L +1, . . . , U –1, U]  is the sequence of integers representing the tape squares that the tape 

head visited during these   N computational steps.    The length of the window of execution is   U – L 

+1 which is also the number of distinct tape squares visited by the tape head during these N steps.  

To express the window of execution for the next n computational steps, the lower and upper bounds 

are expressed as a function of  n:   [L(n), U(n)]. 

 

REMARK  3.16   If   j ≤ k,  then   [L(j), U(j)]  (   [L(k), U(k)] 

This follows immediately from the definition of the window of execution.   

 
Since the tape squares may be renumbered without changing the results of the machine execution, 

for convenience it is often assumed that the machine starts execution at tape square 0.   In example  

3.6,  during the next 8 computational steps – one cycle of the immortal periodic point – the window 

of execution is  [0, 6].    The length of the window of execution is 7.     

 
Observe that if the tape squares are renumbered and the goal is to refer to two different windows of 

execution, for example  [L(j), U(j)]  and  [L(k), U(k)],  then both windows are renumbered with the 

same relative offset  so that the two windows can be compared.   
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DEFINITION  3.17    Spanning Middle Pattern of an Immortal Periodic Point 

Let  p = 

!  

 q , bj  . . . bk    aL( p) . . . ai  . . .    aU( p)  cl . . . cm[ ]   be an immortal periodic point with 

period  C(p).   The tape head is currently at tape square  i.  For each n, satisfying  L(p)  ≤  n  ≤  U(p),  

the current tape contents of tape square n is  an ;   in other words,  T(n)  = an.   Suppose               

[L(p),  U(p)]  is the window of execution over the next  C(p) – 1 computational steps.   The  

spanning middle pattern  of  p is  aL(p) aL(p)+1  . . .  aU(p)Ð1  aU(p).   Observe that the length of the 

spanning middle pattern equals  U(p)  –  L(p) + 1. 

 

REMARK  3.18     Length of Spanning Middle Pattern of   p  ≤ C(p) 

Case A.   If the tape head moves for the next C(p) Ð 1 computational steps are  RC(p)Ð1 , only right 

tape head moves, then before the first computational step, the tape head is at tape square L(p) 

whose contents are  aL(p) ;  after the C(p) Ð 1 computational step the tape head is at tape square U(p) 

whose contents are  aU(p).  Thus, C(p)  = U(p)  –  L(p) + 1. 

 

Case B.   If the tape head moves for the next C(p) Ð 1 computational steps are  LC(p)Ð1, only left tape 

head moves,  then before the first computational step, the tape head is at tape square U(p)  whose 

contents are aU(p);  after the C(p) Ð 1  computational step the tape head is at tape square L(p).  Thus, 

C(p)  = U(p)  –  L(p) + 1. 

 
Case C.    Otherwise,  during the next  C(p) Ð 1 computational steps,  there is at least one left tape 

head move and one right tape head move that cancel each other in terms of the length of the 

spanning middle pattern.  Thus, U(p)  –  L(p) + 1  <  C(p). 
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REMARK 3.19    Non-hyperbolic immortal period point p is bounded by its minimal spanning 

pattern.    Thus,  p is of the form 

!  

 q , w aL( p) . . . ai  . . .    aU( p)  v[ ]   such  that 

¥ aL(p) aL(p)+1  . . .  aU(p)Ð1  aU(p).    is the minimal spanning pattern of  p. 

¥ w is a variable representing any sequence of symbols from A on the tape to the  left  of     

symbol  aL(p). 

¥  v is a variable representing any sequence of symbols from A on the tape to the right of  aU(p). 

 

REMARK  3.20    Any hyperbolic periodic point has a Left-Right Periodic Tape.   And the left 

period and the right period of the tape each divide the degree of the hyperbolicity.   

 

PROOF.   If it is a right-shift hyperbolic periodic point, then there is a point p and an affine map r 

with linear part  

!  

Bm 0

0 1
Bm

" 

# 

$ 
$ 

% 

& 

'  
'  
  such that  r(p) =  p.     From the Turing/Affine correspondence theorem, 

r(p) corresponds to  m  net moves of the tape head to the right.       The point p corresponds to the 

following configuration where the tape head is at square k and the machine is also in state q: 

 

 

 

 
The point r(p) corresponds to the following configuration where the tape head is at square k + m 

and the machine is also in state q: 

 

 

 

 r(p)  = p   implies that T(k + m)  = T(k)  for every integer  k.    If it is a left-shift hyperbolic periodic 

point, there is a point p and an affine map r with linear part  

!  

1
B
m

0

0 B
m

" 

# 
$ 
$ 

% 

& 
'  
'  
   such that  r(p)  = p.   From 

      k   k +m       
. .  bm . . . b2 b1 a0 a1 . . . am a1     . . . 

      k+m   k+2m        
. . .  bm ..  b2 b1 a0 a1 . . . am a1     . . . 



Copyright © 2009 Michael Stephen Fiske 
                                                                          

39 

the Turing/Affine correspondence theorem,  r(p)  corresponds to m net moves of the tape head to 

the left and  r(p)  = p  implies that T(k + m)  = T(k)   for every integer k.                   

 

REMARK  3.21    If hyperbolic immortal periodic point p has hyperbolic degree  m > 0, then the 

right pattern of p,  is a right subpattern of the spanning middle pattern of p.  

 

REMARK  3.22    If hyperbolic immortal periodic point p has hyperbolic degree m < 0, then the 

left pattern of p,  is a left subpattern of the spanning middle pattern of p.  

 


