CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM
SOLVED WITH A DYNAMIC REGISTER MACHINE

Affine Maps and the Fixed Point Covering Theorems SECTION 1

REMARK 1.1 Linear maps as matrices

Thelinear mapsL and M are represented with matricesin the standard basis.

L"x%_ "a b%x'g "% "h %Y
y & %ﬁ A&y & ﬁy& ﬁ] kéy&
X% o "x% "mY "a bY
Each affine transformation is of the form i L% ! +§ ' where |_ or %c ' s
y & y& #n§ dg

m
caled the linear part and (
n

) is cdled the transiational part. The unit square with lower left

corner at coordinate (f, k) isdenoted as U,y ={ (x,»): j!x! j+1 & k! y! k+1} oritis

sometimes represented with the corners of the square [(7, k), G+ 1, k), ((+1, k+1),(, k+ 1)].

REMARK 1.2  Affine maps are closed under composition

x/o %

Consider affine maps %& - Lﬁy& X% x/o pY

m Then,
gy, 9 G = Mgk o Then

X/o 'x%  "m%

GofgmLgl+ g =MLyl 3+ ! :M*L(§)+M(Z’)+(5)

e+ (2

mj+ nk+q

=)

REMARK 1.3 Computation of the composition of the affine maps

X "ah+ci bh+ dl%x% "mh + ni + p/
gofl,) = 5, FAAS
j+ck bj+dk&y& mj + nk+q§
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DEFINITION 1.4 Rectangular Area Preserving Affine Maps

An affine transformation r is called an rectangular area-preserving affine transformation if itis

n 1 / o/
of the form r = ? 0 X0 Y for someA > 0. Inthenext section, 4 isanumber
gy& gy& 2118

of the form B*, where k isan integer and B isan integer greater than 1, and m, n are rational

numbers.

REMARK 1.5  Rectangular Area Preserving Affine Maps are closed.

Rectangular area preserving affine maps are closed under function composition. Consider

"0 "1 %, o "0, "0 "1 %0, 0 (L)
rlEXA): $K 0' X/O+ g '/ and r2 X/O: B 0' XA)+ ﬁg/
& 3o & #ng v& 30 BgY& Hag
1 m "1 o0, "p Y
X - = JoxX% .
e rlorz(): A8 (X)+ 8P| =%ag Oigv + $At™
y 0 AB\Y nB+q ¥0 ApgY& A+ ng
REMARK 1.6
Op " Th%% "o
If be+ (1" ayd” DH#O then fo& a X% ™ hasafixed point a
%/ dé&&ing
# (d" )m" bn (@"Jn"cm &
(-

B+ 1" a)(d" 1’ bc+(1" a)(d" 1)

REMARK 1.7
"x% "a 0%x% "mY%
When b=c=0and (1" a)(d" 1) #0, then f§y = §y:+ ' hasafixed point
& d&y& #n§
m n
a |—, —
(l—a l—d)

Copyright© 2009Michael Stephen Fiske 2



DEFINITION 1.8 Vertical Covers

% n l O '/OX% llmo
Consider the rectangular area preserving affine map r S’F + where 4 >1
%& A&ﬁy& £n8

%0

and with squaredomain W =[(u,v), (u +s,v), (u+s, v+s), (u,v+s)] withsidesof lengths.
r (W) vertically covers W if and only if al four conditions hold:

A. They-coordinateof r(u,v) ! v.

B. They-coordinateof r(u+s, v+s) " v+s.

C. Thex-coordinateof #(u,v) " u

D. Thex-coordinateof r(u+s, v+s) ! u+s. r(u +s,v+5s)
The geometry of avertical cover looks like this:
(W)
w
(ua V) —— —
r(u, v)

REMARK 1.9 Vertical Cover Fixed Point

x% "1 %O 0
When a= 1/4 and d =4 suchthat 4> 1, then r g 0' /grgm has afixed
A%y& ng

mA n

AL’ m) . Onsguare W = [(0,0), (5,0), (s.5), (O5)], theimage of affine

point at (

mapron i is r(W) = [(m, n), (m+£, n), (m+£, n+sA), (M n+sA)| whichisa

rectangle withwidth 2 and height sA.
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DEFINITION 1.10 Horizontal Covers

o A 0%y04 "0
Consider the rectangular area preserving affine map rixl/oz %0 15;/1 im-/ where 4 >1
Y& AEY& #NE

and with square domain W =[(u,v), (u +s,v), (u+s, v+s), (u,v+s)] withsidesof length s.
(W) horizontally covers W if and only if al four conditions hold:

A. The x-coordinate of »(u, v) ! u.

B. Thex-coordinate of r(u+s, v+s) " u+s.

C. The y-coordinate of r(u, v) " v.

D. The y-coordinate of r(u+s, v+s) | v+s.
The geometry of ahorizontal cover looks likethis: (u +s,v+5s)
w r(u +s,v+s)
(W)
r(u, v) I I
(u,v)
REMARK 1.11 Horizontal Cover Fixed Point
1 X A O)x m
When a= 4 and d = — suchthat 4 >1, then p| = 1 + hasa
A y 0 A\ n
fixedpoint( m nA) on squareW = [ (0, 0), (5, 0), (s, 5), (0, 5) ]
- - | - - ) ] S1 1] SlSl 1S
1-A’ A-1

r(W) = [(m n), (m+sA n), (m+sA n+2), (m n+=2)| isarectangle with width s4 and
height 2.

EXAMPLE 112 ’[) _ (% o][xJ+ [

with standard unit square Ulg, ).
y 0 2\y i

10

2

The fixed point (% Té) isnotin Ugpq. Thegeometry lookslike:
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THEOREM 1.13 Vertical Covering Fixed Point Theorem
'x% ) 1 0. x/o
Consider the rectangular, area-preserving affine map r for some
he ﬁo A&%& ing
A>1 and square W =[ (u,v),w+s,v),(u+s, v+s) (u,v+s)]. Then (W) vertically

covers ¥ if and only if fixed point (Ar\n_A’ LA) liesin w.

& & #Hyé
PROOF. Define r'?{ég éf ) gE to trandate W so that W is a square of sides with
length s with lower left corner at the origin. Thus, WLOG it can be assumed that the square
doman W = [ (0, 0), (s, 0), (s, 5), (0, s) ]. Observe that 0, 0) = (m, n) and

r(s,s) =(m+ 2, n+sA).

Hence, (s, s)
1) The y-coordinateof #(0,0) = n L (5,9)
2.) The y-coordinate of r(s,s) = n+s4
3.) The x-coordinateof 7(0,0) = m /4 W)
: S
4)) The x-coordinate of r(s,s) = m+ A
(<) (’"_A, " ) lies in 0,0) B
A-1 1-A

it 0" "« AND o MA . g 0, 0)

1#A A#l

iff [n" 0 AND n# (1$A)s] AND [0 " mA" (A#Ds]

iff [n" 0 AND n+sA# s] AND [0" m AND m+§ " 5]

iff ~ [They-coordinateof r(0,0) ! 0] AND [they-coordinateof r(s,s) " s] AND

[the x-coordinateof #(0,0) " 0] AND [thex-coordinateof r(s,s) ! s]
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THEOREM 1.14 Horizontal Covering Fixed Point Theorem

o A 0%,0 "0
Consider the rectangular, area-preserving affine map rng): §0 1@-/(4 %ml/ for some
Y& A& ng

A>1landsquare W = (u,v),(u+s,v),(u+s, v+s) (u,v+s)].

. . - . #m nA & ,. .
Then r horizontally covers W if and only if fixed point g —*( liesin W.
(") ly y po ﬁ—,, A A 1(

PROOF. Define r.fx& = rﬁfx& ) fug to trandate W so that W is the square with lower left
S A

corner at the origin. Thus, WLOG it can beassumed that W =1 (0, 0), (s, 0), (s, s), (O, 5) ].
Observe #7(0,0) = (m,n) and 1(SS) = (M+SA N+3) .
Hence,

1) The x-coordinate of #(0,0)= m

2.) The x-coordinate of r(s,s) = m+ SA (s, 9)

3.) The y-coordinate of »(0,0) = n w

4.) The y-coordinate of r(s,s) = n +§ r(s, s)

(W)
(0, 0) I
(0,0
() EM ., A iesinw
#A A#R
iff  o" " v and o< M o
1#A A-1

iff [mMm=<=0 AND m= (-A)s] and [0 " nA" (A#Ds]
iff [m=0 AND m+sA=s] aad [0" n AND n+§ " 5]

iff ~ [Thex-coordinateof #(0,0) ! 0] AND [thex-coordinateof r(s,s) " s] AND

[the y-coordinate of #(0,0)" 0] AND [they-coordinate of r(s,s)! s].
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DEFINITION 1.15 Function Index Sequence and Function Sequence

Let {fi, fo,... fit beaseof functions. Then a function index sequence is a function
S: vV # {1,2,...,0}. |If p isapoint, then the orbit with respect to this function index
sequenceis [p, fsw(®), fsafsw®), -+ S Samay - - - fao fsw@), - .. ]. Square brackets
indicate that the order matters.  Sometimes the first few functions will be listed in a function
sequence when it is periodic. For example, [f, g f, g ... ] iswritten when formally this function

sequenceis S: ! ! {f, g} where S(n) = f whennisodd and S(z) = g whenn iseven.

EXAMPLE 1.16
x%0 "1 %x% ‘49 "1 O%X%"(lo

x%
f - + on domain Uy and g+ on Uu, o
§y& 48 og gi/& adye $0g

W% "L 0%x% "09 0% 4% "1% 428 0% "49
it whake ™ h ki htor Bk
& #0 16&y& #0§ & #08& & 20 & e g
(0, 0) isafixed point of g f . The orbit of any point p chosen from the horizontal segment
connected by the points (0, 0) and (1,0) with respect to the function sequence [f, g,/, g, ... ]
isasubset of Ug o $ Uwu o - Thepoint pis called an immortal point. The orbit of apoint Q

outside this segment exits (hats) Up,0$ Uy, o).

DEFINITION 1.17 Halting and Immortal orbits in the plane.

Let P denotethe two dimensiona x,y plane. Suppose f;: U, % P is afunction for each &
such that whenever j $ &, thenU; & U,= " . For any point p in the plane P an orbit may be
generated as follows. The 0" iterate of the orbit isp. Given the kth iterate of the orbit is point g,
if point ¢ does not lie in any U,, then the orbit halts. Otherwise, ¢ lies in at least one U,.
Inductively, the k+1 iterate of ¢ isdefined as f;(g). If p hasan orbit that never halts, this orbit is
caled an immortal orbit and p iscaled animmortal point. If p hasan orbit that halts, this orbit

iscalled ahalting orbit and p iscaled a hating point.
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NOTATION 1.18 x and y coordinate functions and Euclidean Metric in plane P
Let p=(p1, po) andlet g =(q1, g2) betwopointsin P. Thex and y coordinate functions are
definedas x: P( P % P suchthat x(p1,p2) = pr and y:P( P % P where y(p1, p2) = po.

The Euclidean metricis 4: P( P % ) © where) * denotes the positive real numbers and zero

and d[ (o1, p2), (g1, 9] =y(pr — @) +(p2 — )’
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