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CHURCH-TURING THESIS: THE TURING IMMORTALITY PROBLEM 
SOLVED WITH A DYNAMIC REGISTER MACHINE 

 
 Affine Maps and the Fixed Point Covering Theorems SECTION 1 

 

REMARK  1.1     Linear maps as matrices 

The linear maps L and M  are represented with matrices in the standard basis. 
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Each affine transformation is of the form   
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'  is called the translational part.  The unit square with lower left 

corner at coordinate (j, k) is denoted as  U(j, k)  = {   (x, y):  j !  x !   j + 1  &   k !   y !   k + 1}   or it is 

sometimes represented with the corners of the square [(j, k) ,  (j + 1, k) ,  (j + 1,  k + 1), (j , k + 1)]. 

 

REMARK  1.2     Affine maps are closed under composition    

Consider affine maps   
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REMARK  1.3   Computation of the composition of the affine maps 
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DEFINITION 1.4    Rectangular Area Preserving Affine Maps 

An affine transformation r is called an rectangular area-preserving affine transformation  if it is 

of the form  
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'      for some A > 0.    In the next section, A  is a number 

of the form Bk,  where k is an integer and B is an integer greater than 1,  and  m, n are rational 

numbers.  

 

REMARK 1.5      Rectangular Area Preserving Affine Maps are closed. 

Rectangular area preserving affine maps are closed under function composition.   Consider   
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REMARK  1.6     
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REMARK  1.7 
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DEFINITION  1.8    Vertical Covers 

Consider the rectangular area preserving affine map   
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and with square domain  W  = [(u, v) , (u + s, v) , (u + s,  v + s),  (u , v + s)]  with sides of length s.      

r (W) vertically covers W  if and only if all four conditions hold: 

A.    The y-coordinate of    r(u, v)  !   v. 

B.    The y-coordinate of    r(u + s,  v + s)   "   v + s. 

C.      The x-coordinate of    r(u, v)  "   u. 

    D.      The x-coordinate of    r(u + s,  v + s)  !   u + s.                               r(u +s, v + s) 

 The geometry of a vertical cover looks like this:  
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REMARK  1.9    Vertical Cover Fixed Point 

When   a =  1/A   and   d  = A  such that  A > 1,  then    
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DEFINITION  1.10    Horizontal Covers 

Consider the rectangular area preserving affine map  
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and with square  domain W  = [(u, v) , (u + s, v) , (u + s,  v + s), (u , v + s)]  with sides of length s.  

r(W)  horizontally covers W   if and only if all four conditions hold: 

A.      The x-coordinate of   r(u, v) !   u. 

B.      The x-coordinate of   r(u + s,  v + s)  "   u + s. 

C.        The y-coordinate of   r(u, v)  "   v. 

D.        The y-coordinate of   r(u + s,  v + s)  !   v + s. 

 The geometry of a horizontal cover looks like this:                                     (u +s, v + s) 
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REMARK  1.11    Horizontal Cover Fixed Point 
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EXAMPLE  1.12     
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THEOREM  1.13   Vertical Covering Fixed Point Theorem  

Consider the rectangular, area-preserving affine map     
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length s with lower left corner at the origin.  Thus, WLOG it can be assumed that the square 

domain  W = [ (0, 0), (s, 0), (s, s), (0, s) ].  Observe that r(0, 0) = (m, n) and                                
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Hence,                                                                                                                 r(s, s)                                                                                                  

1.)  The  y-coordinate of   r(0, 0)  =  n                                                                                      (s, s) 

2.)  The  y-coordinate of   r(s, s)   =  n + sA  

3.)  The  x-coordinate of   r(0, 0)  =  m  

4.)  The  x-coordinate of   r(s, s)   =  m + 

! 

s
A

 

! 

"( )  
mA

A #1
, n

1# A

$ 

% 
& 

' 

( 
)    lies  in  W                                          (0, 0) 

iff       

!  

0 "  
n

1# A
 "  s    AND   

!  

0 "  
mA
A#1

 "  s                                 r(0, 0) 

iff       [

!  

n "  0    AND   n #   (1$ A)s ]   AND   [

!  

0 "  mA "  (A#1)s ] 

iff       [

!  

n "  0    AND   n +  sA #   s ]    AND   [
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THEOREM  1.14    Horizontal Covering Fixed Point Theorem  

Consider the rectangular, area-preserving affine map     
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DEFINITION 1.15    Function Index Sequence and Function Sequence 

Let  { f1,  f2  , . . .,  fI}    be a set of functions.  Then a function index sequence is a function               

S :  !   #  { 1, 2, . . ., I} .    If   p  is a point, then the orbit with respect to this function index 

sequence is  [ p,   fS(1)(p),   fS(2) fS(1)(p),  . . .  ,  fS(m) fS(m #1) . . . fS(2) fS(1)(p),  . . . ].  Square brackets 

indicate that the order matters.    Sometimes the first few functions will be listed in a function 

sequence when it is periodic.  For example,  [f, g, f, g, . . .  ] is written when formally this function 

sequence is  S :  !   ! {f,  g}  where  S(n)  = 

! 

f   when n is odd  and  S(n)  = 

!  

g  when n is even.  
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(0, 0)  is a fixed point of  g f  .   The orbit of any point  p  chosen from  the horizontal segment 

connected by the points  (0, 0) and  (1,0)  with respect to the function sequence    [f, g, f, g,   . . .  ]   

is a subset of  U(0, 0)  $    U(4, 0)  .   The point p is called an immortal point.  The orbit of a point Q 

outside this segment exits (halts)   U(0, 0)  $   U(4, 0). 

 
DEFINITION  1.17    Halting and  Immortal orbits  in the plane. 

Let  P  denote the two dimensional  x,y  plane.   Suppose    fk : Uk % P  is  a function for each  k  

such that whenever  j  $  k ,  then Uj & Uk =  '  .   For any point p in the plane P an orbit may be 

generated as follows.  The 0th iterate of the orbit is p.   Given the kth iterate of the orbit is point q, 

if point q does not lie in any Uk, then the orbit halts.  Otherwise, q lies in at least one Uj.   

Inductively, the k+1 iterate of q is defined as  f j (q).    If p has an orbit that never halts, this orbit is 

called an immortal orbit and  p is called an immortal point.   If  p has an orbit that halts,  this orbit 

is called a halting orbit and p is called a  halting  point.     
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NOTATION 1.18     x and y coordinate functions  and  Euclidean Metric in plane  P  

Let  p = (p1, p2) and let  q = (q1,  q2)  be two points in  P.    The x and  y coordinate functions  are 

defined as  x : P (  P  % P   such that   x(p1, p2)  =  p1  and  y : P (  P  % P  where   y(p1, p2)  =  p2. 

The Euclidean metric is   d: P (  P  %  ) +   where ) +  denotes the positive real numbers and zero  

and   d[ (p1, p2),  (q1,  q2)] =

! 

(p1 "  q1)2 +(p2 "  q2)2           

 

 

    

 

 


